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Abstract

We consider a discrete-time competition model between native and alien predator pop-
ulations for a common prey. The model is described by a system of three recurrence
relations governing their population dynamics, with a generic density-dependent effect
for prey and a generic predation factor. In our model, the native and alien predators prey
on different stages of the common prey: juvenile-specific and adult-specific predators.
In this paper, we focus on the invadability of native prey-predator system to an alien
predator and investigate which stage-specific alien predator could be more success-
ful in invading the native system with a different stage-specific native predator. Our
mathematical results demonstrate that the prey-predator system with an adult-specific
native predator is more vulnerable to the juvenile-specific alien predator invasion com-
pared to the native system with a juvenile-specific native predator. To illustrate the
general result more clearly, we present some detailed results on a specific model with
a Beverton-Holt type of density-dependent effect and a Nicholson-Bailey type of pre-
dation factor, which effectively demonstrates such the dependence of vulnerability to
an alien predator invasion on the stage-specific predation.
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1 Introduction

Extinction and speciation processes have significantly impacted the biodiversity in
nature (Johnson et al. 2017). Today, various human activities are causing unprece-
dented changes in biodiversity, primarily due to climate change, environmental
degradation, and invasive species. These factors pose numerous challenges to ecosys-
tem conservation (Sala et al. 2000; Chaudhary et al. 2021; Kubelka et al. 2022; Lopez
etal. 2022; Le Hen et al. 2023). Among these, biological invasions are the primary and
observable cause of biodiversity change, threatening the persistence of native species
(Lockwood et al. 2013; Bellard et al. 2016; Turbelin et al. 2017; Seebens et al. 2018;
King et al. 2021; Poland et al. 2021; Siddiqui et al. 2021; Wainright et al. 2021; Wilson
et al. 2012; Haubrock et al. 2022a; Lopez et al. 2022; Ziska 2022; Wauters et al. 2023,
and reference therein). can lead to the extinction of native species (Cambray 2003;
Gherardi et al. 2011; Haubrock et al. 2021, 2022a,b; Le Hen et al. 2023).

As discussed in Abrams (2022), the competitive relationship between different pop-
ulations is determined by the detail of ecological factors that cause mutually negative
reactions to each population’s growth. Consequently, the actual competitive interspe-
cific reaction is characterized by these ecological details. This principle applies not
only to competitive relationships but also to other interspecific relationships. The pio-
neering period witnessed the development of theoretical and mathematical theories
on the population dynamics of interacting species. These theories, which primarily
focus on the subsequent influences of interactions with other species, are still evolv-
ing today. Among the most traditional theories, the Lotka-Volterra system stands out
(for instance, see the historical overviews in (Kingsland 1995; Bacaér 2011)).

One of the simplest forms of competitive interaction is exploitative competition,
which arises when different consumers utilize a shared resource. This mutual negative
influence is indirectly induced by the consumption of the common resource (Case
2000; Gotelli 2001; Odum and Barrett 2005; Abrams 2022; Seno 2022). For instance,
two predator species preying on acommon prey can be considered to be under a typical
exploitative competition for the prey (Preisser and Elkinton 2008; Wignall et al. 2020;
Case and Tarwater 2023; Page and Williams 2023).

The simplest modeling of exploitative competition dynamics typically involves
more than one predator (parasitoids or, more broadly, consumers) and a common
prey (host or resource). Numerous studies have explored mathematical models for
such exploitative competition dynamics involving two predators or parasitoids and
one prey or host. The most widely used mathematical modeling for the population
dynamics of interacting species is of the Lotka-Volterra type, utilizing a system of
differential equations. It is also the case regarding exploitative competition dynamics
(refer to (Abrams 2022)). Discrete-time modeling, which employs a system of dif-
ference equations, that is, recurrence relations, has been applied less frequently to
the population dynamics of interacting species compared to continuous time model-
ing. Previous research has shown that discrete-time models can exhibit complexities
in their dynamical nature, even with simple nonlinearity (May 1974; Martelli 1992;
Kaplan and Glass 1995; Allen 2007; Robinson 2012; Mickens 2015; Frisman et al.
2021a,b; Seno 2022; Elaydi and Cushing 2025).
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One of the most popular extensions in modeling such prey-predator dynamics is
to introduce a population structure in either the prey or predator population, based
on factors like age, size, or stage. This approach has been widely used in research
(Metz and Diekmann 1986; Cushing 1994, 1998; Cola et al. 1998; Hassell 2000;
Liu et al. 2002; Kooi and Kelpin 2003; Murdoch et al. 2003; Buffoni and Pasquali
2007; Briggs et al. 2010; Iannelli and Milner 2017; Inaba 2017; Seno 2022). One of the
ecologically intriguing aspects of such structured prey-predator population dynamics is
the predation on a specific stage within the structured prey population. This predation
can be categorized as stage-specific (stage-dependent) in general, age-specific if it
depends on the age of the prey, or size-specific if it depends on the size of the prey.
As in many other mathematical studies on prey-predator dynamics, the stage-specific
predation was introduced in a continuous-time model with differential equations. In
the model, the prey population is classified into juvenile and adult subpopulations as
a simple modeling approach. Alternatively, it can follow a distribution of age, size,
or physiological state to characterize the heterogeneity of the prey population. (for
instance, (Smith and Mead 1974; Gurtin and Levine 1979; Levine 1981; Cushing and
Saleem 1982; Saleem 1984; McNair 1987; Saleem et al. 1987; Hastings 1983; Hassell
2000; Murdoch et al. 2003; Cui and Takeuchi 2006; Falconi 2006; Misra et al. 2013;
Feng et al. 2014)).

While there are numerous works on discrete-time models with recurrence relations
about prey-predator or host-parasitoid population dynamics (for instance, (May and
Hassell 1981; Hassell and Pacala 1257; Mills and Getz 1996; Tang and Chen 2002;
Abbott and Dwyer 2007; Jang 2007; Celik and Duman 2009; Asheghi 2014; Livadiotis
et al. 2015; Marcinko and Kot 2020)), the stage-specific predation or parasitism itself
has been the focus of only a few works with discrete-time models (May et al. 1981;
Hastings 1984; Murdoch et al. 2003; Hackett-Jones et al. 2009; Weide et al. 2019;
Hassell 2000; Jia et al. 2024). These previous works primarily focused on the role of
stage-specific or age-specific predation in the stability of the prey-predator system.
They explored how such specific predation could destabilize or stabilize the system,
impacting the persistence of the composed species. This is because a particular type of
predation can become a driving or suppressing force for the system’s oscillatory state.
We have not found any previous work that presents a mathematical model relating
stage-specific predation to the success of an alien invasion in a native prey-predator
system. We intend to discuss this topic in this paper.

In this paper, we will delve into the invadability of native prey-predator systems
to alien predators, particularly considering the stage-specificity of both native and
alien predators. We will examine a generic discrete-time prey-predator model with
two distinct stage-specific predators and investigate the likelihood of an alien preda-
tor’s invasion in the native prey-predator system. These native and alien predators are
assumed to be specialists, preying on the same prey within a habitat region where
the native predator resides, leading to exploitative competition for the common prey.
As mentioned earlier, our focus will be on understanding how the stage at which the
predator takes its prey could be linked to the invasion’s success or failure, and we will
explore the resistance of the native prey-predator system against the alien predator’s
invasion.
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With mathematical results from our model, we will demonstrate that the invad-
ability of a native prey-predator system significantly depends on the stage-specificity
of predation for both native and alien predators. To provide a more comprehensive
understanding of how invadability relates to the stage-specific predation of native and
alien predators, we will present further detailed analytical and numerical results for a
specific model with a given density-dependent effect function and predation term.

2 Modeling
2.1 Assumptions

To construct a population dynamics model that considers the invadability of a native
prey-predator system to an alien predator invasion, we assume the following:

e Population dynamics for each of native and alien predators is generationally non-
overlapping: Adult predators die out after their own reproduction season.

e Predator species P! and P2 are specialists, that is, each predator’s reproduction
relies only on the predation for a specific prey species H, and the predator popu-
lation goes extinct if the prey population does.

e Two predator species, P’ and P4, prey on juvenile and adult stages of a common
prey H, respectively.

e The predation season for each predator species is over a sufficiently narrow window
of time, so that there is no overlapping period between predation seasons for two
predator species P! and P2,

e No other interaction than the indirect exploitative competition about the common
prey is assumed between predator species P! and PA.

e Prey and predators produce their offspring only in respective reproduction seasons
of every year (i.e., within every unit time step).

e The prey reproduction undergoes an intraspecific negative density-dependent
effect. It is determined by the adult prey density at the reproduction season.

e Only the adult prey which successfully escapes from the predation can contribute
to the reproduction.

e Prey and predators become adults in a year (i.e., within unit time step).

When two specialist predator species, P’ and P?, use the same prey, H, inhabiting a
region, the predation by P’ reduces the juvenile prey population size. Consequently, the
subsequent adult prey population size which is the prey available for the predator PA
is also reduced. The predation by P” reduces the adult prey population size, leading
to a decrease in the number of offspring produced by the adults who successfully
escape the predation. Consequently, the number of juvenile prey available for the
predator P’ diminishes. In this way, the two predator species, P’ and P2, exhibit an
indirect interspecific reaction of exploitative competition, with distinct stage-specific
predations for the common prey H. As we will describe in the next section, one of two
predator species is designated as the native predator, while the other is introduced as
the alien predator that invades the native system of the native predator and their prey
H.
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Fig.1 Schematic illustration of interspecific relation in the native prey-predator system of (a) Model J; (b)
Model A

A native system of prey and its specialized predator can be observed in various
instances. For instance, a plant and its insect herbivore form such an interspecific
relationship (Crawley 1989; Abbott and Dwyer 2007; Preisser and Elkinton 2008;
Myers and Sarfraz 2017; Wilson et al. 2012; Jones et al. 2022). As another examples
of such relationships, there are some host-parasitoid systems as mentioned in May and
Hassell (1981); May et al. (1981); Hackett-Jones et al. (2009); Weide et al. (2019); Jia
et al. (2024).

These assumptions made in this section exclude any additional complexity in prey-
predator population dynamics. That is, they are intended to construct the simplest
framework of mathematical models governing population dynamics, even though some
are idealized for mathematical simplification. Nevertheless, they are the least complex
to construct a reasonable basic mathematical model to discuss our theoretical prob-
lem. It is natural that modification of some assumptions would lead to more complex
mathematical models. However, such modifications should be based on a reason to
consider a specific aspect of prey-predator population dynamics.

2.2 ModelsJand A

To discuss the invadability of native prey-predator system to an alien predator invasion
according to the difference in the stage-specific predation, we consider two models
with distinct scenarios about an alien predator invasion of a native prey-predator system
(Fig. 1):

Model J  The native prey-predator system of (H, P') undergoes the invasion
of alien predator P’.

Model A  The native prey-predator system of (H, PA) undergoes the invasion
of alien predator P2,
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2.3 Prey population dynamics without predation

We consider here the prey population dynamics governed by the following recurrence
relation with an intraspecific density-dependent effect when there is no predator:

H, 1 =0H, + F(H,)H,, (D

where H, denotes the adult prey population size at the beginning of its reproduction
season in the n th year. The function F of H, is the per capita growth rate of prey
population, which gives the expected number of offsprings successfully becoming
reproductive adults in the next reproduction season. The function F includes not only
the density-dependent effect on the offspring production but also the survivability of
offspring until its maturation. Parameter o € [0, 1) represents the survival probability
for the adult prey until the next reproduction season. In other words, it signifies the
proportion o of H, that are expected to survive and participate in the reproduction
of the next season. Therefore, the expected life span of adult prey after their first
reproduction is calculated as /(1 — o).

In our modeling, we assume the following mathematical features for the prey’s per
capita growth rate F:

FO)=rg>1-—o0;

F(H) —> 0as H — o0o;

F(H) is monotonically decreasing and positive for H > 0;
F(H) is differentiable twice for H > 0;

F'(H) — F'(4+0) :== —v € (—00,0) as H — +0;

There exists a unique positive K such that F(K) =1 —o;
F(H)H is monotonically increasing for H € (0, K).

vV vVvvVvVVvVvVVvVvVvVvy

Parameter o means the prey’s intrinsic growth rate, that is the supremum of the
expected number of offsprings produced per adult prey. From these features, the
density-dependent effect is negative for the reproduction. The seventh feature of F,
which is specific, will turn out to be essential for the mathematical results obtained
from the analysis on our model. However, there is still a large family of functions for
F that satisfy all the above features. A similar general setup of the per capita growth
rate for a mathematical modeling is used in Jang (2007); Jang and Yu (2012).

From the above features of function F, we can easily find that the prey population
dynamics (1) has the following nature, for example, by a proof making use of cob-
webbing method (for instance, see (Allen 2007; Robinson 2012; Seno 2022; Elaydi
and Cushing 2025)):

Lemma 1 The prey population dynamics (1) generates a monotonic positive sequence
{H,} from any initial value Hy € (0, K), and it converges to K > 0 as n — oo.

As a supplementary result, if ro < 1 — o, the positive sequence { H,,} is monotonically
decreasing toward zero: H, — 0 as n — oo. Then the prey population necessarily
goes extinct, and thus the prey-predator system itself cannot be established owing to
the lack of prey persistence by itself. This is the reason why we take the first assumption
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given in the above: o > 1 — o, which is a necessary condition for the persistence of
native prey-predator system.

In an ecological context, the equilibrium size K can be considered the carrying
capacity for the prey population. Thus, for the ecological reasonability, we hereafter
assume the initial value Hy not beyond it: Hy € (0, K]. Then we have H, € (0, K]
for any n > 0 because of Lemma 1. From this modeling, it is the supremum of prey

population size: sup H, = K regardless of if the predator exists or not.
{Hy}
One of classic choices of F that satisfies the above features is given as

ro

@

where S is a positive parameter representing the strength of density-dependent effect
on the prey reproduction. With the function F of (2), the carrying capacity K is given
as

K=p(=-1) 3)

-0

with ryp > 1 — . The prey population dynamics model by (1) and (2) with o = O is is
commonly referred to as the Beverton-Holt model (Beverton and Holt 1957; Hassell
1975). In a mathematical context, the Beverton-Holt model for a single population
dynamics corresponds to the population growth governed by a well-known logistic
equation in continuous time modeling, expressed as a single ordinary differential
equation. The mathematical correspondence between these two models can be ana-
lytically demonstrated (for instance, see (Bohner and Warth 2007; Seno 2022; Elaydi
and Cushing 2025)).

2.4 Native prey-predator system

Following the assumption about different stage-specific predations of two predator
species P’ and P? in Sect. 2.1, we shall consider the following systems of native
prey-predator dynamics for Models J and A, respectively (see Fig. 1):

Hy1 = o Hy + y(P))F(H,) Hy;
Model J ] I )
Py = pi{l = (P} F(Hy)Hy:

n

Hyy1 = o TIA(PM) Hy + F(TIA (PN Hy ) TIA (P Hy;
Model A A A 5)
Pn+l = pA{l — Ha(P, )}Hn’

where P,{ and P,f are the adult predator population sizes concerning the predation for
the juvenile and adult prey stages at the n th year, respectively.

The factors Iy and [T denote the probabilities of successful escape of the juvenile
and adult prey from the predators P’ and P”, respectively. Thus the value of IT, is
in [0, 1), and TI, = 1 only when there is no predator. While the probability I,
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could depend in general on both densities of prey and predator, we assume here that
it depends only on the predator density as denoted in (4) and (5). In this paper, we
assume that the function I, (P) of P satisfies the following mathematical features:

[, (0) = 1;

[Me(P) — 0as P — o0;

[T,(P) € [0, 1) is monotonically decreasing, convex, and positive for P > 0;
I14(P) is differentiable twice for P > O;

IT,(P) — II,(40) := —a, € (—00,0) as P — +0;

[/ (P) — ITJ(40) := be € (0, 00) as P — 0.

vV VvV VvV Vv y

From these features, I1, is a smooth curve in terms of P > 0 and especially it has the
finite slope and curvature at P = 0.

For Model A, the product ITa H,, means the expected population size of adult prey
which successfully escape from the predation by predator P2 in the n th year. Only
those adult prey of I1a H,, can contribute to the prey reproduction, and subsequently,
the density-dependent effect on the reproduction is determined by them. In a similar
way, Astrom et al. (1996) discussed the significance of the order of density-dependent
effects for the single species discrete-time population dynamics model in a general
context.

Positive parameters pj and ps denote the predator’s reproduction rates per unit
population size of prey taken by predators P! and P, respectively. In this modeling,
the per capita growth rate of predator population is proportional to the amount of prey
taken by a predator. It gives the simplest numerical response of predator population
growth (Solomon 1949; Abrams 2022; Seno 2022).

Functional response, representing the dependence of the net predation rate per
predator on the prey population size, is determined here by the dependence of the
total amount of prey taken by a predator individual at each predation season on the
prey population size (see (Mills and Getz 1996)). Thus, for the population dynamics
governed by (4) and (5), it can be defined as the mean amounts of prey taken by a
predator individual at the predation season of every year. Consequently, it is propor-
tional to the juvenile prey population size F(H,)H, for predator P’, and to the adult
prey population size H,, for predator PA, respectively. Therefore, the net predation rate
per predator is proportional to the targeted prey population size in our model. Hence,
it can be regarded as the functional response of Holling Type I ((Holling 1959a, b);
also see (Abrams 2022; Seno 2022)).

The modeling of (4) and (5) for Models J and A follows the same idea as that
mentioned in May and Hassell (1981); May et al. (1981) for the host-parasitoid pop-
ulation dynamics, where the order of parasitism and density-dependent effect on the
host population is taken into account. However, May and Hassell (1981) did not inves-
tigate the models therein, but only gave the idea, and instead they investigated a model
corresponding to

Hyp1 = F(H)IT(Py) Hy;
(6)

Post = p{1 = TI(Py) } Hy.
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This model may be called a generic expression of Thompson-Nicholson-Bailey model
(Thompson 1929; Nicholson 1933, 1935; Hassell 1978; Getz and Mills 1996; Mills
and Getz 1996; Lane et al. 1999). With the same general setup for F as ours, and
[1(P) = e 4P, Jang and Yu (2012) mathematically investigated the model (6) with
respect to the stability of equilibria, and further considered a pest control problem
therein with a modified model.

Our models (4) and (5) with o = 0 correspond to Model 2 and Model 3 of generic
form, respectively, in May et al. (1981). They made some biological arguments just
by some numerics of those models with

F(H):roexp<—r0£v) @)
and
= (14 25 ®)

The prey population dynamics governed by (1) and (7) with o = 0 is what is called
Ricker model or Ricker-Moran model (Moran 1950; Ricker 1954; MacFadyen 1963;
May and Oster 1976). Note that the function (7) with ryp > e (Napier’s constant) does
not satisfy the last (seventh) assumption for F' given in Sect. 2.3, because F(H)H
is monotonically decreasing for H € (rgv, K) with K = rovlogrg. While some of
our mathematical results in this paper may be extendable for ro > e, we do not argue
such applicability anymore in this paper but leave it as an open problem related to this
work.

The formula (8) of [1, was proposed as a part of the modeling about host-parasitoid
population dynamics in May (1978), based on the zero term of the negative binomial
distribution with positive characteristic parameter k. Mathematically at the limit k —
00, the function (8) leads to

[ (P) =e %P, )

The function IT, of (9) satisfies the mathematical features given in the above. This is
the simplest modeling for I1,, where the Poisson process is assumed for the encounter
and successful predation between them. Such a modeling with the Poisson process
follows the same idea as well-known Nicholson-Bailey model originally about host-
parasitoid population dynamics (Nicholson 1933, 1935; Bailey et al. 1962; Hastings
1984; Royama 1992; Murdoch et al. 2003; Allen 2007; Seno 2022; Elaydi and Cushing
2025). On the relation of (8) to (9), we can find further mathematical arguments in
Livadiotis et al. (2015) and references therein.

Similarly, Weide et al. (2019) used the same idea to construct those two models
(4) and (5) with o = 0 as the prey-predator population dynamics models with the
density-dependent effect function (2) and the probability of successful escape from
predation
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Mo = Mo(H, P) = exp (— —2F ) (10)
( 14+ ceH

The modeling of [1, = I14,(H, P) given by (10) can be regarded as the functional
response of Holling Type 11, differently from ours in this paper. However, as shown in
the later section about the results for our specific model with (2) and (9), the dynamical
nature of our model appears qualitatively very similar to that of their model with
mathematically little significant difference.

On the other hand, there are some other reasonable modelings to explicitly introduce
the juvenile and adult prey subpopulations as Hastings (1984); Castillo and Velasco-
Hernandez (2003); Liz and Pilarczyk (2012) did. For the native prey-predator systems
of our Model J and A, we may show them with such a modeling as follows:

Vo = F(Hy)Hy:

Model J { Hy+1 = o H, + yT3(PH Vs (11)
Py = pi{l = T3 (P)}

Vo = F(TA(PM H,)TIA(P) Hy:

Model A { Hy+1 = o TIA(PN Hy + y Vs (12)
P = pa{l — AP} H,,

where ), is the juvenile prey population size produced by the reproductive adult prey at
the n th year, matching our assumptions and modelings described in the above. Positive
parameter y less than one denotes the survival probability of juvenile prey to become
mature. Remark that H,, denotes here the adult prey population size at the beginning
of the predation season for adult-specific predator PA, where the predation season for
PA is assumed to be before the reproduction season for the prey. The systems (11) and
(12) are mathematically equivalent to (4) and (5), respectively. While the expression
of (11) and (12) would be meaningful for the modification to take account of the other
ecological factors, for example, a stage-specific fatal disease/pesticide or harvesting,
we are going to focus on our models given as (4) and (5) in this paper.

2.5 Prey-predator system with alien predator invasion

With an alien predator invasion, the system transfers to one prey and two predator
population dynamics governed by the following three recurrence relations commonly
for Models J and A:

Hyp1 = o TIA(PM Hy + Ty (P F (TIA(P2) Hy ) TIA (P2 Hy;
Pl = pi{l = Ty(P)} F(TTA(P) Ha) T (PR) Hy; (13)

Prir = pa{l = (P} H,.
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From the nature of the sequence { H,,} with no predator and Hy € (0, K) as shown by
Lemma 1 in Sect. 2.3, we have the following mathematical feature of the sequence
{H,} generated by every system of (4), (5), and (13):

Lemma 2 With respect to every system of (4), (5), and (13), the sequence {H,} with
Hy € (0, K) satisfies that H, € (0, K) for all n > 0, and the sequence {P,} with
P§ > O satisfies that P; > 0 for alln > 0.

On the other hand, May and Hassell (1981) considered a model of one host and
two parasitoids population dynamics governed by

Hyy1 = N(Qn)p(Py) F (Hy) Hy;
Pn+1 sz{] _HP(Pn)}Hn- (14)
On+1 = po{1 — Mq(Qn) }TTp(Py) Hy,

where P and Q are parasitoids competing for a common host H. This model cannot
belong to ours by (13) even with 0 = 0. They assume that the parasitoid P uses the
larvae, while Q does the pupae. Jia et al. (2024) analytically investigated the model
(14) with F of (7) and I, of (9). Remark that, in a precise sense, their H, in (14)
could be regarded as the population size of larvae just before the parasitism season for
parasitoid P, differently from our H,, in (4) and (5). Moreover, the density-dependent
effect introduced by F(H,) with the larvae density before the parasitism acts on the
larvae population as its survivability before the parasitism seasons, differently from
our F acting on the fertility.

2.6 Basic predator replacement number

The net replacement rate or net reproduction rate is defined in ecology as the expected
number of mature females produced by a mature female over its lifetime (for instance,
see (Begon et al. 1996; Case 2000; Gotelli 2001; Seno 2022)). When it is less than one,
the population size eventually decreases. This definition has an obvious correspon-
dence to what is called basic reproduction number for the epidemic dynamics, which
is defined as the expected number of new cases of infection caused by an infective
individual in a population consisting of susceptible contacts only (for a modern review
about the definition, the translation, and the practical application of basic reproduction
number for the epidemic dynamics, see (Delamater et al. 2019)).

Making use of a similar mathematical concept with the definition of basic reproduc-
tion number, we shall define here the basic predator replacement number for predators
P’ and PA, respectively. For our discrete-time population dynamics given by (4) and
(5), respectively, the basic predator replacement rate is defined as the supremum for
the number of adult predators produced by a single adult predator at a reproduction
season (Seno 2025), since the reproductive predator is assumed to die out after every
reproduction season.
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Firstly for the native prey-predator system (4) of Model J, the (average) number of
adult predators produced by a single adult predator of P’ at the n th year is given by

ps{l = Ty (PH} F(Hy) H,
PJ '

5)

We may call (15) the effective predator replacement number for predator P! at the n th
year, which depends on the population sizes H,, and P,f . The basic predator replacement
number can be defined by the supremum for the effective predator replacement number
as well as the definition of basic reproduction number in relation to the effective
reproduction number about the epidemic dynamics (Seno 2022).

Therefore we shall define the basic replacement number for predator P! by

1-Iy(P)\F(HH 1 —TII;(P
@ o= sup PUZIVPNFUDH L L2T0D) g
(H.P) P P P

since the prey population size cannot exceed its carrying capacity K given by (3),

that is, sup H, = K as shown in Sect. 2.3. Besides, since F(H)H is monotonically
{Hn}
increasing in terms of H € (0, K) with F(K) = 1 — o, we have sup F(H)H =
H

F(K)K = (1 —o)K. Moreover, we can easily prove that

1 —TII(P 1 —TIIy(P IIy(P) — I15(0
¢ — lim # — — lim M — —H}(+O) =a
P P P—+0 P P—+0 P

7)

for P > 0, because {1 — I1j(P)}/P is monotonically decreasing for P > 0 from
the mathematical features of ITj given in Sect. 2.4. Lastly from (16), we have the
expression of the basic replacement number for predator P’

Y = pyay(1 — o)K. (18)

In the same way, we can obtain the expression of the basic replacement number for
predator PA in the native prey-predator system (5) of Model A:

Ry = paask. (19)

In the following part, we are going to show that the basic predator replacement numbers
8} and Z§} determine the stability of the predator extinction equilibria E*, (H,, P}) =
(K,0) and E io(H*, Pf) = (K, 0) with respect to the native prey-predator systems
of Models J and A, respectively.

We can easily find its eigenvalues, F'(K)K + 1 and £, of the Jacobi matrix for
the predator extinction equilibrium EY . The former eigenvalue F "(K)K + 1is in
(0, 1), because F/(K)K + 1 = {F(H)H}’|H=K +0 > 0and F/(K) < 0 from the
mathematical features of F as given in Sect. 2.3. Hence, we find the following result:
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Lemma 3 The predator extinction equilibrium EY , is

locally asymptotically stable if %5 < 1;

unstable if Z; > 1

with respect to the native prey-predator systems of Models J and A, respectively.

This lemma gives the condition for the persistence of the native prey-predator system,
that is, the persistence of native predator before an alien predator invasion: The native
prey-predator system is persistent if %3 > 1, and only if Z > 1.

Next, as for the system (13) with the native and alien predators, we can consider the
predator extinction equilibrium EiOO(H*, Pi , P*A) = (K, 0, 0). Its Jacobi matrix has
the eigenvalues F/(K)K + 1 € (0, 1), ), and %()A. Therefore, we get the following
result on the local stability of E7:

Lemma 4 The predator extinction equilibrium E7, is

{ locally asymptotically stable if max {%é %6*} < 1;

unstable if max { %), #{} > 1

with respect to the system with native and alien predators.

Taking account of these results in Lemmas 3 and 4, we can prove the following
result on the condition for the predator’s extinction and persistence (Appendix A):

Theorem 1 The predator P® with %5 < 1 goes extinct for the systems (4), (5), and
(13). For the native prey-predator systems (4) and (5), the native predator P® persists
with the prey if #5 > 1.

This result suggests that the basic predator replacement number % can serve as an
index for the establishment of a native prey-predator system. Note that the former result
in Theorem 1 indicates the global stability of the predator extinction equilibrium.
For the population dynamics given by (13) with the native and alien predators, The-
orem 1 leads to the following feature on the persistence of native and alien predators:

Corollary 1 For the system (13), lf%é) >1> %’O’ for predators PO and P*, then the
predator po persists with the prey, while the predator p¢ goes extinct.

The result of Corollary 1 matches Lemma 4. Remark that, when %é > ] and %’6“ > 1
for the system (13) after the alien predator invasion, one of two predator species may go
extinct due to the effect of exploitative competition between them, while the extinction
of both predator populations does not occur from Lemma 4.
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3 Coexistent equilibrium for native prey-predator system

For the existence of coexistent equilibrium E$ | (Hy, P?) with P? > 0 about the
native prey-predator systems (4) and (5), respectively, we can find the following result
(Appendix B):

Theorem 2 For the native prey-predator system, the coexistent equilibrium EY | (Hy,
P?) uniquely exists ifand only if 73 > 1. The equilibria are determined as (H,, Pi) =
—1(1= -1 ] Ay _ (L p—1(_1 -1
(F1(552). T (1) for EL, and (He, P2) = (7 P~ (= — @), 11, (T3)
for E$+ with the inverse functions F~' and 1'[,_1 of F and T1,, where T} and TT}} are
1=9 1) and that of ®A(x) = 0in (——, 1)

g —
ro ro+o’

the unique root of equation ®5(x) = 0in (
respectively with

1
1) =Ty (@) = 1 = o) (= — 1) F 7 (159):
20
ey — oa (L ) F1(L e
Dp(x) =I5 (x) pA(x NF(L-0).

Otherwise, if 3 < 1, no coexistent equilibrium EY , exists.

From Theorems 1 and 2, we can get also the following result:

Corollary 2 For the native prey-predator system, the predator extinction equilibrium
E% is unstable when the coexistent equilibrium Ef | exists.

Further, we can prove the following result on the local stability of the coexistent
equilibrium E$ , (Appendix C):

Theorem 3 When the coexistent equilibrium EY | exists for the native prey-predator
system, it is locally asymptotically stable if

1—0
Iy

Iy amp) g )
1— 11}

[FFIE)F i dg+ =" +o) <1 @D
for Ei—i-’ and

I (M (),
1—IT%

*) , _ _ 1
A [F(F Nz — o) F I(HIZ_GHH_;] <1 (2

for Eﬁ+, where I} is defined in Theorem 2. The equilibria EL_ and E_’t+ are unstable
if the inverse inequalities of (21) and (22) are satisfied, respectively.

The significance of Theorem 3 is indicated by the following result to evidence the
necessary existence of a parameter region where the condition (21) for EJ+ 4> or(22)
for E i . holds (Appendix D):
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Corollary 3 For Z; = 1+ € with 0 < € K 1, the coexistent equilibrium ES | for the
native prey-predator system exists, and it is locally asymptotically stable.

Theorem 1 and the results presented in this section suggest that if the basic predator
replacement number % of native predator is greater than one, the population dynamics
may converge towards a coexistent equilibrium state. Alternatively, it may converge
towards a sustained oscillatory state with persistent prey and predator populations.
The nature of such a coexistent state depends on the specific details of the density-
dependent functions governing prey growth rate and predation rate.

4 Bifurcation of equilibria for native prey-predator system

From Lemma 3, the stability of predator extinction equilibrium E? ) changes at % =
1. For % > 1, it is unstable where one of the eigenvalues for the predator extinction
equilibrium is less than one and the other greater than one. Then, from Corollary 3
and the proof in Appendix D, the locally asymptotically stable coexistent equilibrium
EY , arises for Z; > 1 in a neighborhood of Z; = 1, satisfying that ES, — Ef,
as Z; — 1+ 0. Hence, the bifurcation at % = 1 is of what is called transcritical
bifurcation (Allen 2007; Seno 2022; Elaydi and Cushing 2025).

The local stability of £ , is determined by the eigenvalues of Jacobi matrix J7
for EY ,, which are the roots of characteristic equation Q4(4) := 22— (tr Ty A+
det j_; 4+ =0.In Appendix C, we have shown that the conditions tr j_; 4 < I+det j_; i
is satisfied when the coexistent equilibrium Ef , exists. This means that Q.(1) =
-t J?, +detJ?, > 0and Qo(=1) = 1 +trJ?, +detJ?, > 0O because
of r 77, > 0 and det 7}, > 0 when the coexistence equilibrium EY , exists.
Therefore, the characteristic equation Q4(%) = 0 never has the root 1 or —1. Hence,
at the bifurcation condition with which the stability of coexistent equilibrium £
changes, the eigenvalues contain not either of the critical value 1 or —1, but the
imaginary value with the absolute value 1.

As aresult, the instability of the coexistent equilibrium E¢ , follows what is called
Neimark-Sacker bifurcation (Allen 2007; Seydel 2010; Seno 2022; Elaydi and Cushing
2025). Thus, at least with a condition sufficient near the bifurcation when the coexistent
equilibrium E$ , is unstable, the system behaves a quasi-periodic manner, on which
we will show a numerical example later in Fig. 4 of Sect. 6. For some other specific
discrete-time prey-predator or host-parasitoid models similar and different to ours,
the Neimark-Sacker bifurcation was observed and investigated (Tang and Chen 2002;
Asheghi 2014; Weide et al. 2019; Beso et al. 2020; Din et al. 2020; Marcinko and Kot
2020; Jia et al. 2024).
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5 Alien predator invasion of equilibrium native prey-predator system
5.1 Model J: Alien predator P? invasion

For the alien predator PA invasion according to Model J, we are going to consider here

the local stability of the equilibrium E*  ((H,, P}, 0) = (F—l(‘ﬁg ), ;1 (115), 0)
for the system (13), where IT} is determined as the unique root in (1:—0”, 1) of equation
®;(x) = 0 given by (20) in Theorem 2. If E7 , is asymptotically stable, the alien

predator PA invasion can be regarded as unsuccessful, and then the system asymptot-
ically approaches the equilibrium E7% |, with the declining population size of alien
predator P2, provided that the native prey-predator system (4) of Model J stayed at the
asymptotically stable equilibrium E i .. before the alien predator PA invasion. Other-
wise, if Ej“|r 40 is unstable, the alien predator PA invasion can be regarded as successful,
and it can increase its density at least in the early period after its invasion.

This line of reasoning could be broadly referred to as the invasibility criterion
(Chesson 2000). However, there is a general possibility that the successful invasion
of an alien predator population could result in its extinction in the long run dynamics.
The system might approach a state where the alien predator population is extinct,
which is different from the original state of the native prey and predator system before
the invasion. In the context of dynamical system theory, this could occur when there
are multiple asymptotically stable states for the native prey-predator system. Alterna-
tively, the native prey-predator system might be at a stably oscillatory state before the
invasion. Even if the alien predator population temporarily increases after the invasion,
its extinction may occur in the long run.

Now we suppose the existence of the equilibrium E¥ ), that is, the existence of
the equilibrium Ei . for the native prey-predator system (4) of Model J. Thus, the
condition %’(J) > 1 is supposed here to hold from Theorem 2. We can easily find the
eigenvalues of Jacobi matrix J3(E i +0), which are given as those of T i - and the other

one, Ai = paaprH, = @ F-1 (lﬁ—f) > (. Hence, we can obtain the following result
on the local stability of equilibriumJ E? | for the system (13) for Model J according
to the invasion of alien predator PA:

Theorem 4 Provided that the equilibrium Ei_ . for the native prey-predator system
(4) of Model ] is asymptotically stable, the equilibrium EY ,, for the system (13) is
locally asymptotically stable if

Ry < (23)

In contrast, it is unstable if the inverse inequality of (23) is satisfied.

The right side of (23) is determined only by the native prey-predator system of Model
J, while the left side characterizes the alien predator pPA,
Note that the right side of (23) is greater than one, because

1—0o
Iy
I} € (1;—0“, 1), and thus F*‘(lﬁg) € (F~'(ro), F7'(1 = 0)) = (0, K) due to the

€ (1 — o, rg) for

@ Springer



Discrete-time exploitative competition model... Page 17 of 53 1

decreasing monotonicity of F~!. Hence, the result of Theorem 4 clearly demonstrates
that the alien predator PA can successfully invade the equilibrium native prey-predator
system of Model J only with its basic replacement number beyond a critical value
greater than one, which is given by the right side of (23).

Moreover, we can obtain the following secondary result from Theorem 4 (Appendix
E):

Corollary 4 Provided that the equilibrium Ei . for the native prey-predator system
(4) of Model J is asymptotically stable, the equilibrium E-T——i—O for the system (13) is
locally asymptotically stable if %g‘ < %(J) when

l1—0o 7
a ;! < 0o 1. (24)
5 (F(g%)) l—0o

Further, when the condition (24) is satisfied, the equilibrium E? , may be locally

asymptotically stable even if %@ > %é. In contrast, when the inverse inequality of
(24) is satisfied, the equilibrium E7 | is unstable if %’6\ > 92’(]).

Note that the condition (24) depends only on the native prey-predator system of Model
J. This result demonstrates that, if the condition (24) holds for the native prey-predator
system at the locally asymptotically stable equilibrium Ei 4 in Model J, the alien
predator PA invasion is successful only if it has the basic replacement number %’6*
sufficiently greater than that of the native predator %’(J). Even if %’6\ > %’(J), the invasion
may fail. In contrast, if the inverse inequality of (24) holds, the invasion of alien
predator PA is successful if 926“ > %(J). Then, the invasion may be successful even if
.%6* < %(J). For our analysis on a specific model in the later section, we will apply the
result of Corollary 4, and find a distinct nature about the model.

In general, even if the equilibrium EY , is unstable, we cannot determine the
definitive consequence on the success or failure of alien predator PA invasion of the
native prey-predator system (4). This is because the native prey-predator system could
be at an oscillatory stationary state before the alien predator P2 invasion, as seen later
in Figs. 3 and 4 of Sect. 6 with numerical examples about specific models of (4) and
(5) using (2) and (9). This means that even when the equilibrium Ei 40 is unstable,
the alien predator P” invasion could fail and the system would return to an oscillatory
stationary state of the native prey-predator system with the extinction of alien predator
P2 In such a case, it should be supposed a priori that the native prey-predator system
stably stays at an oscillatory state before the alien predator PA invasion. In contrast,
if the native prey-predator system stays at the asymptotically stable equilibrium E ﬂr "
before the alien predator PA invasion, the local stability of E i 40 leads to the failure
of invasion, and the system returns to E i . for the native prey-predator system with
prey H and predator P’.
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5.2 Model A: Alien predator P! invasion

As in the previous section, we suppose that the condition %’(‘)A > 1 is satisfied for the
existence of the equilibrium E7,, (Hs, 0, Pﬁ) = (HL,;\F—I (“LZ — a), 0, HXI(HZ )
that is, for the existence of the equilibrium E ft . for the native prey-predator system
of Model A, where HZ is determined as the unique root in (m%, 1) of equation
® 4 (x) = 0 given by (20) in Theorem 2.

We can easily find the eigenvalues of Jacobi matrix J3(EY, ), which are given

J
as those of E4, and the other one, A2 = pyay F (T} Hy) T} Hy = (lfz%(n%; —
U)F _1( r}* - o) > 0. Then, correspondingly to Theorem 4, we can obtain the fol-
A

lowing result on the local stability of equilibrium E7,, according to the system (13)

for Model A with the invasion of alien predator P’

Theorem 5 Provided that the equilibrium E i‘ . for the native prey-predator system
(5) of Model A is asymptotically stable, the equilibrium E7, for the system (13) is
locally asymptotically stable if

%’(J)<

(25)

In contrast, it is unstable if the inverse inequality of (25) is satisfied.

The right side of (25) is determined only by the native prey-predator system of Model
A, while the left side characterizes the alien predator P’.

The right side of (25) is greater than one. This is because its denominator is mono-
tonically decreasing in terms of HL*A € (1,rg + o), and thus it is in (0, (1 — 0)K).

Actually, according to (x — 0)F~!(x — o) = F(F'(x —0))F'(x — 0), it is
monotonically decreasing in terms of x > 1 due to the decreasing monotonicity of
F~!(x) and the increasing monotonicity of F(x)x for x > 1 from the features of F
given in Sect. 2.3. The result of Theorem 5 demonstrates that the alien predator P’
can successfully invade the equilibrium native prey-predator system of Model A only
with its basic replacement number beyond a critical value greater than one, which is
given by he right side of (25).

Now, we can derive the following significant corollary from Theorem 5 (Appendix
F):

Corollary 5 Provided that the equilibrium Ei o for the native prey-predator system
(5) of Model A is asymptotically stable, the equilibrium E7 for the system (13) is
unstable if %é > %@.

This result demonstrates that if the alien predator’s basic replacement number %’g isnot
less than %’6* of the native predator, its invasion is necessarily successful. Inversely,
the alien predator P’ invasion could fail and lead to its extinction only if its basic
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replacement number %g sufficiently smaller than 9?6* of the native predator. In the
subsequent section about a specific model, we will clearly see the significance of
Corollary 5.

As mentioned in the previous section, even if E*

+0+
determine the definitive outcome of the alien predator P’ invasion of the native prey-

predator system (5). This is because the native prey-predator system could be at a

stably oscillatory state instead of the equilibrium E7 ), before the invasion.

is unstable, we could not

6 Beverton-Holt+Nicholson-Bailey model

In this section, we show some more detail results on the following specific model of
the system (13) using (2) and (9) with o = 0:

.
Hy11 = eiaJP'g L A eiaAP'IZAHn;
I+ e~ahi H,/B
J i A
Pl =p(l —e b)) — 2 _earblp,; (26)

1 +e PiH,/p
A
PA | =pa(1—e P H,.
This model can be considered a discrete-time prey-predator model that combines the
Beverton-Holt model and the Nicholson-Bailey model for two predator populations
and their shared prey population. The carrying capacity for the prey population is
given as K = B(ro — 1), given by (3) with ¢ = 0 in Sect. 2.3.

With the transformations of variables and parameters h, := %; p,{ = aJP,f ;
pi = as P2, a5 := pjaiP; an = paaap, the system (26) becomes the following
mathematically equivalent non-dimensionalized one:

ro _ A
—¢ Pn hy;
1+e Puh,

J -p) o —phy .
= 1— Pn)— — Pnh’ (27)
Pt = a1 =Pl

pﬁ‘-ﬁ—l = O‘A(l - e_p'/'\)hn'

J
hpy1 =€ Pn

According to this non-dimensionalized system, we have the following native prey-
predator systems of Models J and A, respectively:

ro

J
hppr =€ Pn hn;
Model J T (28)
pJ — Ol](l — efp;lz) "o hn;
n+1 1+ hy,
gt = —— e P hy;
Model A L +ePrhy, (29)
A
pﬁH =aa(l —e Pr)h,.
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The carrying capacity K for the prey population is non-dimensionalized to the supre-
mum for &, given as k := ro— 1 too. Then, the basic replacement numbers for predators
P’ and P” are expressed as %(J) = ajk and 926\ = oAk, respectively. Further, accord-
ing to these non-dimensionalized systems, we have F(h) = lrﬁ; F~l(v) = % —1;
Ie(p) =e77; H:l(w) = —logw.

The native prey-predator systems (28) and (29) for Models J and A correspond
to the models considered in Weide et al. (2019) where F and I1, are given by (2)
and (10) with ¢, = 0, respectively. Additionally, the native prey-predator system
(28) is mathematically equivalent to Model 3 in Marcinko and Kot (2020). Hence,
some of our results in the following sections concerning systems (28) and (29) can
be considered analogous to those obtained by them, whereas we present our results
here in our manner because we independently derive and describe them in a specific
context related to the basic predator replacement number % .

6.1 Dynamical equivalence between native prey-predator systems with 0 = 0

With the variable transformation X,, = F(H,)H,, the generic native prey-predator
system (4) of Model J with o = 0 can be mathematically transformed to

Xn+1 = F(TIy(P) X)) Iy (P)) X5

(30)
Pl = pr{l = T (P)} X,
The system (30) could have the structure mathematically equivalent to the native prey-
predator system (5) of Model A witho = 0. The transformation X,, = F(H,)H, gives
a one-to-one relation between H, to X, since F'(H)H is monotonically increasing
for H > 0 as assumed in Sect. 2.3. In a mathematically more precise sense, the
transformation X,, = F(H,) H, is a bijective map from [0, K) to [0, K).
From these arguments on the relation of the native prey-predator system (4) of
Model J to (5) of Model A with o = 0 through the transformation X,, = F(H,)H,,
we can get the following result:

Lemma5 The generic native prey-predator systems (4) and (5) of Models J and A
with o = 0 have mathematically equivalent nature about the population dynamics.

In other words, the solutions for the native prey-predator systems (4) and (5) of Models
Jand A with o = 0 can be considered qualitatively equivalent. In the subsequent sec-
tions, we will demonstrate this qualitative dynamical equivalence in their population
dynamics. Weide et al. (2019) also discussed a similar result regarding the qualitative
correspondence of dynamical nature for their models (4) and (5) with 0 = 0, F' and
I, given by (2) and (10).
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6.2 Coexistent state for the native prey-predator system

From Theorem 2, we can get the following result on the existence of coexistent equi-
librium E$ | for the native prey-predator systems (28) and (29) of Models J and A:

Corollary 6 For the native prey-predator systems (28) and (29) of Models J and A, the
coexistent equilibrium EY | uniquely exists if and only if %§ > 1. The equilibrium
values is determined as E7 | (h*, pi) = (roxi — 1, —logx;) and Eﬁ+(h*, pf) =
(ro - XL?, —log xf), respectively with the unique root x; € (rLO, 1) of equation

Do(x) = %6(1—%)(x—l>—<l—l>logx=0. G1)

ro ro

As long as the stability of the coexistence equilibrium Ef , for the native prey-
predator system is considered, its existence must be assumed. This implies that Z; > 1
for the native prey-predator system, as per Theorem 2 and Corollary 6. Subsequently,
following Theorem 3, we can derive the result on the local stability of the coexistence
equilibria £ i_ Land E f_‘ . for the native prey-predator systems (28) and (29) of Models
Jand A, respectively (Appendix G):

Corollary 7 For the native prey-predator systems (28) and (29) of Models J and A,
respectively, the coexistent equilibrium EY , exists, and it is locally asymptotically
stable if one of the following conditions is satisfied:

ro € (1,2 and %5 € (1, rol;

ro € (1,2 and %y > ro with Po(x2) < 0;
ro>2and #3 € (1,4(1 — 1-));

ro > 2 and %5 > 4(1 — rlo) with ®4(x*) < 0;

> rg > 2and Zy € [4(1 — 1), ro) with Do(x%) > 0,

where
PPRUN PRV PR S I/ TS PR PR (1 1) (32)
B wero | 200 —1) 7z ) |

In a specific case where «y = rio, we have x® = x§ = r% and @, (x}) = Cb.(%o) =
(1—%)(1—2—10;; %0) forrg # 2, while ®4(x3) = ®,(1) = 0fora, = 2 withrg =

2. The cag(é: of (rg, ae) = (2,2), that is, (ro, Z3) = (2, 2) satisfies the first condition
of Corollary 7. Hence, the coexistent equilibrium E§ , is locally asymptotically stable
in the case.

Making use of the conditions given in Corollary 7, we can get the (w, 1p)-
dependence of the local stability of equilibria feasible for the native prey-predator
system as shown in Fig. 2. Note that, as shown by Corollary 3 in Sect. 3, there certainly
exists a region of (a,, 79) with which the equilibrium Ef , is locally asymptotically
stable, while it is unstable for sufficiently large o, or 1 to lead to an oscillatory state

for the system.

vV VvV VvV V
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Fig.2 (e, rg)-dependence of
the local stability of feasible
equilibria for the native
prey-predator system (28) and

(29), obtained from Corollary 7.

ré ~ 9.84311;
e = - A 0.406376, where r{
is the root of equation

4
70—2—]0gr—0:0f0rr0>1

(@)

o

prey extinction

7
i

i

Q. 1 2 3 4 5

Qe

(b)

K

Fig. 3 Numerically drawn bifurcation diagrams for the native prey-predator systems (a) (28) of Model J;
(b) (29) of Model A, respectively, where ae = % /k = % /(ro — 1) commonly with rg = 5.0

6.3 Bifurcation of equilibria for the native prey-predator system

As argued in Sect. 4, there are complex conjugate eigenvalues with the absolute value
1 at the bifurcation condition according to the stability of coexistent equilibrium EY | .
Therefore, the bifurcation of the solution to make the coexistent equilibrium unstable

must be of Neimark-Sacker type.
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Fig. 4 Numerical example of the temporal variation (right) and the attractor in phase space (left) for the
native prey-predator system (28) of Model J with rg = 5.0, oy = 1.0, and Q(J) = 4.0. The initial condition

for the temporal variation (right) is (hq, pg)) = (4.0,0.1)

Actually, as clearly seen from the numerically drawn bifurcation diagrams in Fig.
3 for the native prey-predator systems (28) and (29), the system has a potential nature
to approach an oscillatory stationary state when the coexistent equilibrium EY . is
unstable. Indeed, the numerical example of Fig. 4 about the temporal variation and
trajectory of i, and p) for (28) indicates a quasi-periodic variation typically for such
a Neimark-Sacker type of bifurcation. It shows the attractor (e-limit set) belongs to
a closed curve in the phase plane, which might be a periodic cycle or alternatively a
dense set on it (also refer to numerics of the temporal variation in Figs. 10 and 11).

Correspondingly, Marcinko and Kot (2020) explored the nature of Neimark-Sacker
bifurcation and other mathematical features for their Model 3 which is mathematically
equivalent to our native prey-predator system (28) of Model J. The dynamical char-
acteristics of our native prey-predator systems (28) and (29) are qualitatively similar
to those of the models in Weide et al. (2019), where F and I1, are given by (2) and
(10), respectively. Furthermore, as discussed in Sect. 4 with respect to our generic
native prey-predator systems (4) and (5), Din et al. (2020) provided a mathematically
precise analysis of the transcritical and Neimark-Sacker bifurcations for one of the
models in Weide et al. (2019), which includes our native prey-predator system (29) of
Model A. Apart from the mathematical details of bifurcation and attracting states, the
numerically drawn bifurcation diagrams in Fig. 3 effectively illustrate the dynamical
equivalence between the native prey-predator systems of Models J and A, as stated
in Lemma 5 of Sect. 6.1 concerning the generic native prey-predator systems (4) and
(5) with o = 0. Nevertheless, we refrain from delving deeper into these mathemati-
cal features for our native prey-predator system as it deviates from the focus of this

paper.
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6.4 Alien predator invasion of equilibrium native prey-predator system

From Theorem 4 in Sect. 5.1, we can obtain the following result on the local stability
of equilibrium E* _(h*, pl, p2) = (rox] — 1, —logxy, 0) for the system (27) with
xi € (r_o’ 1), where xi is determined as the root of equation (31) in Corollary 6.

(Appendix H):

Corollary 8 Provided that the equilibrium E . for the native prey-predator system
(28) of Model J is asymptotically stable, the equilibrium E? _, for the system (27) is
locally asymptotically stable if one of the following two conditions is satisfied:

A J
> Xy < %0’

> @p((1 — )jA + ) < O with € (%), (s Ry).

In contrast, it is unstable if one of the following two conditions is satisfied:
> @p((1 — )jA +5-) > Owith By € (B, 2 By

0’ logrg
A o rol J
> ) > =Ll

From Corollary 8, the alien predator P” invasion of the native prey-predator system
(28) at the coexistent equilibrium E i . is successful only if the alien predator PA has
its basic replacement number greater than that of the native predator P’: %’3 > %’g.
Even if %’(‘)’* > %(J), it could fail. This result matches Corollary 4 in Sect. 5.1. Actually
the condition (24) in Corollary 4 now becomes

Ky _ K
F(%) 1 —log F(%’é) >0 (33)
with F(JJ) > 1 according to the system (27) of Model J. Since x — 1 — logx is

positive for x > 1, the condition (33), that is, (24) holds now. While the condition (33)
holds regardless of the detail of the function F, it essentially depends on the function
1, given by (9).

In the same way, we can obtain the following result on the local stability of
E*, (h*, pl, p2) = (rox{ — 1,0, —logx2') with x2* € (rlo, 1) for the system (27)
of Model A concerning the alien predator P’ invasion, where x2 is determined as the
root of equation (31) in Corollary 6 (Appendix H):

Corollary 9 Provided that the equilibrium E 2t for the native prey-predator system
(29) of Model A is asymptotically stable, the equilibrium E7_for the system (27) is
locally asymptotically stable if one of the following two conditions is satisfied:

> Ky < max{mlogm%@, 1};
> @ ({ro(1 — %H%} 1) < 0 with %} € (max{;2= %0, 1}, 7).

ro logrg

In contrast, it is unstable if one of the following two conditions is satisfied:
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Fig.5 (!, %@)—dependence of the success/failure of alien predator invasion at the coexistent equilibrium
of native prey-predator system (a) (28) for Model J; (b) (29) for Model A. Numerically drawn parameter
region by the conditions given in Corollaries 8 and 9 for rp = 5.0. The coexistent equilibrium of native
prey-predator system EY , is locally asymptotically stable for the filled region. For the ranges a.s. E:_O
and as. ES | in terms of % about the native predator £ and EY | are locally asymptotically stable,
respectively, while they are unstable for those indicated as u.s. £% | . The upper bound for the local stability of
EY | is numerically obtained from the condition given in Corollary 7. The lower bound is given by % = 1.

The solid black boundary is given by 5 ((1—--) L + L) = 0in (a), and @4 ({ro(1— L)+ 1171 =
0 8" T0 7S

0 in (b). Note that, from Theorem 1, the predator population goes extinct with %6 < 1. The upper blank
region of u.s. ES , corresponds to an oscillatory coexistent state for the native predator system

> @A({ro(l = o) + ™) > O with % € (max{ZHEG, 1), 7))
0 0

rologro
J A
> ) = .

From Corollary 9, the alien predator P’ invasion of the native prey-predator system
at the coexistent equilibrium Eﬁ . is successful if %’g > %64. Moreover, even if
%’g < #4, it could be successful. This result matches Corollary 5 in Sect. 5.2.

As discussed in Sect. 5, even if the equilibrium EY , or E% . is unstable, we
cannot definitively determine the success or failure of alien predator PA or P’ invasion
for Models J and A, respectively. As illustrated in Figs. 2, 3, and 4, the native prey-
predator system may not be at the equilibrium state but rather at a stably oscillatory
state before an alien predator invasion. Consequently, even if the equilibrium E¥
or E_*H) + is unstable, the alien predator PA or P! invasion fails in Models J and A,
respectively, when the system returns to a stably oscillatory state of the native prey-
predator system with the extinction of alien predator. In such a scenario, it could be
assumed a priori that the native prey-predator system stably stays at an oscillatory
state before the alien predator invasion.
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6.5 Invadability of native prey-predator system

As discussed in the previous sections on the local stability of equilibria, E%_  for
Model J and E7%, for Model A, the instability indicates the invadability of native
prey-predator system to the alien predator, provided that the native prey-predator
system stays at the asymptotically stable equilibrium with the persistent native prey
and predator before the alien predator invasion.

Figure 5 illustrates the numerically demonstrated (%}, %(‘)A)—dependence of the
success of alien predator invasion at the coexistent equilibrium of native prey-predator
system for Models J and A, respectively, based on the conditions given in Corollaries
8 and 9. The alien predator P*® invasion is successful only when its basic replacement
number % is sufficiently large.

From Corollaries 8 and 9, as already mentioned in the previous sections and as
clearly seen in Fig. 5, we can find the following feature about the success of alien
predator invasion for Models J and A:

Corollary 10 Provided that the native prey-predator system stays at the asymptotically
stable coexistent equilibrium before the alien predator invasion, the alien predator P*
with %(J) > %@ successfully invades the native prey-predator system of Model A, while
the alien predator P™ with %’6“ > %(J) may fail to invade the native prey-predator system
of Model J.

This result demonstrates that the alien predator PA invasion of the native prey-
predator system in Model J is harder to succeed than that of alien predator P’ of the
native prey-predator system in Model A. Notably, when %’(J) = %’6“ for predators P’
and PA, the alien predator P’ invasion of the native prey-predator system in Model A
is successful, while the alien predator P” invasion of the native prey-predator system
in Model J fails. See numerical illustrations in Fig. 6.

Therefore, we can conclude that, provided that the native prey-predator system
stays at the asymptotically stable equilibrium with persistent native prey and predator
before the alien predator invasion, the native prey-predator system of Model J is less
vulnerable to the alien predator invasion than that of Model A. In the other context,
the juvenile-specific predator is more successful in the invasion than the adult-specific
alien predator.

Figure 7 shows the result blending numerical calculations for Models J and A in
Fig. 5. It illustratively shows a region for the parameter values (%’g, %6*) such that
both of equilibria Ei 40 and E_*H) L are unstable, which is labeled with (s, s) there.
For such values (%’J , %()A), the alien predator invasion is successful, and two predator
species may come to coexist after the alien predator invasion in both Models J and
A. As demonstrated by Corollary 10 and illustrated by Fig. 7, such a coexistence of
native and alien predators appears only for values (%), 3?6*) such that 3?6* > %’(J) > 1.

Supplementarily with respect to the coexistence of native and alien predators, we
can find the following result too (Appendix I):

Lemma6 A coexistent equilibrium E% (h**, pl.. p&) with p}, > 0 and p2, > 0
for the system (27) exists only if%(‘)* > %’(J) > 1. If%’g) > %OA, it does not exist.
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Fig. 6 Temporal variations of population sizes for Model J and Model A with ,@(J) = %6*. Numerically
drawn from n = 0 to n = 100 with (a) Z} = % = 2.0 (@) = ap = 0.5); (b) Z) = Z) = 4.0
(a5 = ap = 1.0). Commonly rg = 5.0. The alien predator P® invades the native prey-predator system at
n = 50 (as indicated by the upward arrow in the figure). The initial condition for the native prey and predator
populations is given as (g, py) = (4.0, 0.1), and the alien predator population size p§, = 0.1 at the season
of its invasion. The native prey-predator system tends to reach a coexistent state before the invasion of alien
predator at n = 50. In Model J, the invasion of the alien predator PA fails, leading to its extinction for
n > 50. In Model A, the invasion of the alien predator P! is successful, resulting in the establishment
of coexistence between the prey and the alien predator. However, the native predator population p,‘? goes
extinct for n > 50 due to the exploitative competition with the alien predator p’

Remind that, from Theorem 1 and Corollary 1, no coexistent equilibrium exists if
%’(J) <lor %’6\ < 1.

While we have not obtained further analytical result on the success or failure of alien
predator invasion at the stably oscillatory state of native prey-predator system, we can
obtain numerical results, as illustrated in Fig. 8. We observe a clear correspondence
between the numerical results and the analytical results presented in Fig. 5, which were
derived from Corollaries 8 and 9 about the success/failure of alien predator invasion
at the coexistent equilibrium of native prey-predator system.

The same as the result of Corollary 10, the alien predator PA invasion in Model
J is less successful than that of alien predator P’ in Model A even when the native
prey-predator system stays at a stably oscillatory state before the invasion (see Figure
6(b)). Thus, the numerical result suggests that, regardless of the stationary state the
native prey-predator system stays at, the native prey-predator system of Model J is less
vulnerable to the alien predator invasion than that of Model A. Moreover, the juvenile-
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Fig.7 (%}, %{)*)-dependence of the success/failure of alien predator invasion at the equilibrium of native
prey-predator systems (28) and (29) in Models J and A. Numerically drawn by the conditions given in
Corollaries 8 and 9 for rp = 5.0, merging those numerical results in Fig. 5. The solid black boundaries
are the same as those in Fig. 5. The regions (e, s) and (s, ) are respectively for the success of predator
PA invasion in Model J and for that of predator P! in Model A. In the same way, the regions (e, f) and
(f, o) are for the failure of invasion. As for the regions (e, %) and (x, ®), we do not have any analytical
result on the success/failure of alien predators PA and P! invasion respectively in Models J and A, because
they correspond to the oscillatory state for the native prey-predator system. The right upper blank region
corresponds to the oscillatory state for the native prey-predator system in both Models J and A. For the left
bottom region of (f, f), both predators go extinct

specific alien predator is more successful in the invasion than the adult-specific alien
predator.

As evident from Figs. 7 and 8, the coexistence between native and alien predators
is feasible only within a relatively narrow region of (%3, 926*), where %@ > 9?(]) > 1.
Therefore, it is highly probable that the success of alien predator invasion leads to the
extinction of native predator due to competitive exclusion, regardless of what state the
native prey-predator system stays at before the invasion (see Fig. 6).

Hackett-Jones et al. (2009) developed and examined a mathematical model that
incorporated the parasitism windows (i.e., timings). Their study focused on the coex-
istence of two parasitoids on a shared host. They demonstrated that the window widths
and locations, determined by the host life cycle, play a crucial role in determining
the coexistence of two parasitoids. This coexistence necessitates a delicate balance
between parasitoid fecundity and survival (see also (Briggs et al. 1993; Hood et al.
2021)). In a similar context, the coexistence of native and alien predators in our model
appears to require a balance between predators’ fertilities, represented by the basic
predator replacement rates % . If one predator’s fertility much exceeds the other preda-
tor’s, it reduces the prey population for the latter to a large extent, and at the same
time, it reduces the prey population size for its own next generation. This is a negative
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Fig.8 (%J R Q(’)\)—dependence of the final state after the alien predator invasion for (a) Model J; (b) Model
A. Numerically estimated with the temporal variation of population sizes generated by the system (27) for
ro = 5.0. Boundaries of the region for the coexistence is jagged due to a numerical issue for the oscillatory
state. The solid black boundary is the same as that in Figs. 5 and 7. The failure of alien predator invasion
makes the system approach a state of native prey-predator system with the extinction of alien predator.
The success of alien predator invasion makes the system transfer to a state with persistent native and alien
predators, or alternatively with the extinction of native predator which is the consequence of competition
or the lack of persistence of native predator. For the bottom region of extinctive native predator, the native
predator is going extinct even without alien predator invasion, while the alien predator can persist with the
native prey after its invasion. For the left bottom blank region, both predator species cannot persist but go
extinct

feedback to the predator reproduction by its own predation, as known well in ecology
(see some detailed discussion in (Chesson 2000)). Excessive fertility of one predator
can prevent the coexistence of the other predator, leading to competitive exclusion.

On the other hand, based on numerical results of Fig. 8, we can observe from Fig.
9 that there exists a region of (%, %{)*) where the alien predator invasion fails for
both Models J and A. It is labeled with (f, f) in the upper part of the figure. It is the
scenario that the native prey-predator system is resistant to the alien predator invasion,
regardless of which stages of prey are preyed on by the native and alien predators,
respectively.

Mathematically, it indicates the existence of a bistability of the equilibrium E%
and another oscillatory state for the system (27). In this situation, £, is unstable, and
the system approaches a stably oscillatory state of the native prey-predator system (29)
for Model A while it returns to the equilibrium of the native prey-predator system (28)
for Model J. This occurs because the region (f, f) in Fig. 9 contains such (%, %@).
Additionally, there exists another bistability of two stably oscillatory states for the
system (27). In this case, the system approaches one stably oscillatory state of the
native prey-predator system (29) for Model A, while it approaches another stably
oscillatory state of the native prey-predator system (28) for Model J. Furthermore,
for a region in (f, s) or (s, f) of (%, %’6*), we also find a case where there exists a
bistability of a coexistent state of native and alien predators, and a coexistent state of
native prey-predator system with the extinction of the alien predator.
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Fig. 9 (%, %@)—dependence of the consequence of the alien predator invasion. Numerically estimated
with the temporal variation of population sizes generated by the system (27) for ryp = 5.0, merging those
numerical results in Fig. 8. Symbols to denote the regions are the same as those in Fig. 7

6.6 Phase transition by alien predator invasion

As discussed in the previous section, the successful invasion of an alien predator is
highly likely to lead to the extinction of native predator due to competitive exclusion.
Consequently, the newly established system of native prey and alien predator could
be at a phase different from the original native prey-predator system, potentially at
an oscillatory state from the equilibrium or vice versa. Figures 10 and 11 provide
numerical examples of such phase transitions resulting from the successful invasion
of alien predator.

According to Model J, as depicted in Fig. 8(a) the successful invasion of alien
predator PA with the competitive exclusion of native predator P’ can cause a state
transition from the equilibrium E J+ . for the native prey-predator system (28) to the
equilibrium E _‘t . for the native prey-predator system (29), as shown in Fig. 10(c). It
can also cause a state transition from Ei 4 to a stably oscillatory state for (29), as
shown in Fig. 10(d), or alternatively a state transition from one stably oscillatory state
for (28) to another stably oscillatory state for (29). However, it is worth noting that no
phase transition is observed from a stably oscillatory state for (28) to the equilibrium
E ﬁ 4 for (29).

On the other hand, according to Model A, as shown in Fig. 8(b), the successful
invasion of alien predator P! with the competitive exclusion of native predator PA
can cause a state transition from the equilibrium E ﬁ 4 to the equilibrium E i 4, from
Eﬁ 4 to a stably oscillatory state for (28), from one stably oscillatory state for (29) to
another stably oscillatory state for (28), and from a stably oscillatory state for (29) to
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Fig. 10 Patterns in the temporal variation of population sizes for the system (27) with the alien predator
PA invasion of the native prey-predator system (28) at the equilibrium state £ iL . for Model J. Numerically

drawn from n = 0 to n = 800 with (a) 2% = 1.8 (aa = 0.9); (b) Z = 2.0 (ap = 1.0): (¢c) Z} = 3.0
(xp = 1.5); (d) %g‘ = 3.6 (@p = 1.8); and commonly r¢g = 3.0; y = 0.8; FZ(J) = 1.6. The alien predator
PA invades the native prey-predator system at n = 200 (as indicated by the upward arrow in the figure).
The initial condition is given as (A, p(J)) = (2.0, 0.01), and the alien predator population size pé\oo =0.01

(@) (b) (©) (d)
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Fig. 11 Patterns in the temporal variation of population sizes for the system (27) with the alien predator
P! invasion of the native prey-predator system (29) at a stably oscillatory state for Model A. Numerically
drawn from n = 0 to n = 800 with (a) %) = 2.4 (ay = 1.2); (b) %) = 2.6 (aj = 1.3); (c) #} = 2.8
(y = 1.4); (d) %(J) = 3.4 (o = 1.7); and commonly rg = 3.0; ap = 1.8; ZN = 3.6. The alien predator
P’ invades the native prey-predator system at n = 200 (as indicated by the upward arrow in the figure). The
initial condition is given as (A, p(‘?) = (2.0, 0.01), and the alien predator population size p%oo =0.01
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the equilibrium E i +»as illustrated by Figs. 11(c) and (d). Notably, Model A includes
a case where the successful invasion of alien predator P’ leads to a transition from a
stably oscillatory state to the equilibrium state, whereas Model J does not have such
a case for the successful invasion of any alien predator PA.

In an ecological context, an oscillatory state of prey-predator system can make it
vulnerable to the demographic stochasticity, such as severe climate conditions, injudi-
cious human activities, etc. From an ecological perspective, the system at an oscillatory
state would be considered less permanent in long-term run. In Model A, the successful
invasion of alien predator P’ could transfer the system to a steady state with greater
permanence. However, in Model J, the successful invasion of alien predator P2 could
not induce such a state transition. Instead it could result in the system transitioning to
an oscillatory state with reduced permanence.

7 Concluding remarks

Most predations can be categorized as stage-specific, with the range of prey stages
preyed upon by each predator varying, as discussed in Godfray et al. (1994). From
a perspective on the transition of a prey-predator system due to species invasion and
extinction, a system with a stage-specific native predator could be invaded by an alien
predator that preys on the same prey stage as the native does. In this paper, we did not
consider such an alien predator invasion, but instead focused on how the stage-specific
predation could be related to the invadability of the native prey-predator system or the
success of the alien predator’s invasion.

With a generic discrete-time model and its specific model, we investigated the
invadability of a native prey-predator system with a stage-specific native predator to
a different stage-specific alien predator invasion. Our mathematical results suggest
that the prey-predator system with an adult-specific native predator would be more
vulnerable to an alien predator invasion compared to that with a juvenile-specific
native predator. The juvenile-specific predator could more successfully invade the
native prey-predator system with adult-specific native predator, while the adult-specific
predator would more likely fail to invade the system with juvenile-specific native
predator.

Further we found that the success of a juvenile-specific alien predator invasion
could stabilize the population dynamics of prey-predator system, while the success
of an adult-specific alien predator invasion could not. Since the destabilization that
induces an oscillatory state of the system could increase the system’s vulnerability to
demographic stochasticity, posing a risk of species extinction, the success of an adult-
specific alien predator invasion would lead to a reduction of system permanence. In
other words, the prey-predator system with adult-specific native predators would be
less permanent in the long term, making it susceptible to demographic stochasticity
or potentially transitioning to another prey-predator system after the extinction of the
native predator and the successful invasion of juvenile-specific alien predators.

From a biological pest control perspective, the introduction of an operational alien
predator would suggest that the predator’s specificity in targeting the prey stage it
consumes plays a crucial role in successful pest control, as also indicated by the work
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of Hood et al. (2021). While the introduction of an operational alien predator seems
successful, it may fail to eliminate the (native) pest predator. This could lead to an
oscillatory variation in the pest population size, resulting in repeated pest outbreaks.
For successful pest control to suppress the pest population, it is necessary to control
the predation feature of the introduced predator. Discrete-time population dynamics
models have been extensively studied in the context of biological pest control problems
(for instance, (Mills and Getz 1996; Lane et al. 1999; Tang and Cheke 2008; Jang and
Yu 2012; Lee et al. 2022; Singh and Emerick 2022; Ackleh et al. 2023; Wu et al.
2023)).

Focusing on the vulnerability of native prey-predator systems to an alien predator
invasion, we did not delve deeper into the mathematical analysis of the coexistent state
between native and alien predators. In fact, it would require rigorous logical steps to
obtain an analytical result regarding the existence and stability of such a coexistent
state. This is true even for the coexistent equilibrium of the Beverton-Holt+Nicholson-
Bailey model (26). Nevertheless, as shown by certain numerical results, the coexistence
of native and alien predators is possible under specific conditions. In such cases, the
coexistent state either reaches an equilibrium or undergoes a sustained oscillation.

As discussed in various works, the discrete-time prey-predator population dynam-
ics model can exhibit complexity in the behavior of solutions and the occurrence
of bifurcations. Ours demonstrated such features too. However, our mathematical
assumptions for the generic model provide a straightforward setup for the growth of
prey and predator population and the interspecific reaction between them. In this sense,
we considered the generic and simplest model, as far as we are aware, and could not
find any other work with a similar focus.

Since our mathematical results are on a generic discrete-time model of prey-predator
system, they are applicable to a family of specific mathematical models about the
prey-predator or host-parasitoid population dynamics. Notably, our generic model
accommodates models involving different types of predation terms, allowing the native
and alien predators to exhibit varying predation behaviors. It is evident that the dis-
tinct characteristics of density-dependent effect functions and predation terms can
lead to different population dynamics. However, our results on the generic model
can be applied to a range of prey-predator population dynamics models. We hope
that our results in this paper provide valuable insights and inspiration for further the-
oretical exploration of ecological problems about the stability of prey-predator or
host-parasitoid system.
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Appendix A Proof of Theorem 1

Consider the prey population dynamics in the native prey-predator system. From
Lemma 2, the prey population size H, is always less than the carrying capacity K.
Thus, according to the native prey-predator system (4) of Model J, we have

Pl = pi{l = ;(P)} F(Hy) H,
< p{1 = PHYF(K)K = py(1 —o)K {1 = TI;(PH} (Al

for any n > 0 and H, > 0, since the right side of the recurrence relation for P’ is
monotonically increasing in terms of H, from the features of F given in Section 2.3.

Now let us consider the sequence { P,} generated by the following recurrence rela-
tion with ﬁo = P({ > 0:

Pug1 = f(Py) := py(1 —)K |1 — TIi(Py)}. (A2)

From the features of I1j given in Section 2.4, the function f(P) is differentiable,
monotonically increasing, concave, and positive in terms of P > 0. In addition, it
satisfies that f(0) = 0, f(P) — pj(l —0)K as P — oo, and w —
pjaj(l —o)K = %J > 0 as P — 40. Hence, we can easily find that f(P) < P for
any P > 0 if and only if %’J < L. Therefore, if %’J < I, then the recurrence relation
(A2) with Po >0 generates the sequence {P } such that Pn+1 < P and P > 0 for
any n > 0. Then, the Monotone Sequence Theorem demonstrates that P, — 0as
n — ooif %’(J) < 1. As aresult, the inequality (A1) implies that P,g — O0asn — ocoif
%’(J) < 1. These arguments may be regarded as following what is called the comparison
method (for instance, see (Elaydi and Cushing 2025)).
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Similarly, according to the native prey-predator system (5) of Model A, we have
P = pa{l = TIA(P)}Hy < paK {1 — TIA(PM)}

foranyn > 0 and H,, > 0, as well as that of Model J. Then, using the same arguments,
we can determine that P,f‘ — Oasn — oo if %’6* < 1. Consequently, these results
demonstrate the global stability of the predator extinction equilibrium E?, for the
native prey-predator system when Z; < 1.

As for the system (13) with native and alien predators, the right side of predator
population dynamics of PA is mathematically equivalent to the right side of preda-
tor population dynamics in the native prey-predator system (5), while that of P’ is
necessarily less than the right side of predator population dynamics in the native
prey-predator system (4). Therefore, the above arguments are applicable even for
(13). Consequently, these arguments demonstrates the former result in Theorem 1.
The latter result in Theorem 1 follows from the instability of the predator extinction
equilibrium for the native prey-predator system, as shown in Lemma 3.

Appendix B Proof of Theorem 2

The coexistent equilibrium Ei L (H,y, P}) for the native prey-predator system (4) of
Model J satisfies the following equations derived from the recurrence relations of (4):

o+ Ty(P)F(Hy) = 1;

J J (B3)
P} = pi{1 — My(P})} F (Hy) Hy.

Let l'[}< = HJ(P,f). From the former equation of (B3), if Ei__i_(H*, Pi) exists, then

F(H,) = lﬁ—? > 1 — o because HJ(P,g) < 1 for P,g > ( from the definition of Iy

given in Sect. 2.4. Thus, from the features of F' given in Section 2.3, it is necessary

that F(0) = rp > IH—;’, since there is no x > 0 such that F(x) = lﬁ;’ if rg < ]Hf.
J J J
1—0o

Therefore, if E, (Hy, P}) exists, then TT} > 2 with rg > 1 — 0. Moreover, for

Iy > 1;—0" the former equation of (B3) uniquely determines H, € (0, K) because

F(H,) = lﬁ—%’ > 1 —o = F(K) with the monotonically decreasing function F. From

these arguments, note that the coexistent equilibrium £ i 4 cannot existifro <1—o.
The equations (B3) can be formally rewritten as

_ p—1(1=0).
H.=F'(150); =
1
;7 (115 = pr(1 - a)(ﬁ _ I)F_l(%)

¥
j J

withrg > 1 — o, where F —1 and 1'IJ_1 are the inverse functions of F and ITj, respec-
tively. They can be well-defined from the features of F and Iy given in Sect. 2.3 and
2.4. Note that H;l(x) € (0, 00) for x € (0, 1), and F~(x) € (0, 0o) for x € (0, rp).
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1-o

If the latter equation of (B4) in terms of I} has a positive root such that Iy > —=,

then we have a positive value of H, < K from the former equation of (B4).

Now let us consider the existence of a root I"I’J" in (1;—0", 1) about the latter equation
of (B4), that is, the equation ®;(x) = 0 given by (20) for Model J. The function ®;(x)
is continuous in [1;—0", 1] and differentiable in (1;—0", 1) from the differentiability of

[Ty and F in (1;—0", 1), where their derivatives are negative. From the above arguments,
1-0o
ro
E i . for the native prey-predator system of Model J, while there exists no equilibrium

if the equation ®5(x) = 0 has a root in ( , 1), then there exists an equilibrium as

EEH_ if the equation ®;(x) = 0 has no root in (1:—0", 1).
We have
O3 (152) = ;1 (52) — psro — 1+ 0)F ' (r0) =TT} (152) > 0;
(1) =15 (1) = py(1 — o)1 = DF~'(1 = 0) =0,

since 1'[;1 (1) = 0 and F~(rp) = 0 from the features of F and ITy given in Sect. 2.3
and 2.4. Further, with respect to the derivative

1 1-0’ —1 _
+ F(5%)+
mm ) e e

1
I

" (B5)

Pp(x) =

we find that

— 1 ro 21 1
<I>/(x)—><1>/(1 U+0)I=7—m( —1)r—<0 asx — — +0;
R my(ny(ge) e g

T 1

/ / 1 _1 l %0
)(x) = Dj(1-0) ;= — 4+ py(1l =) F ' (1 —0) = —— + pj(1 —0)K = =0
—dajy ay aj

asx —> 1—-0

again from the features of F' and I1j given in Sect. 2.3 and 2.4. Note that we have
F(K)y=1—oforaK > 0,and thus F~ (1 —0) = K.

From the features of ®j(x) in [122, 1], if ®;(1-0) > 0, that is, if Z§ > 1,
then ®5(x) < O for x € (1 — €, 1) with a sufficiently small positive € because of

®;5(1) = 0. Hence, if %(J) > 1, then the equation ®;(x) = 0 has a root in (1;0‘7, 1),

) > 0. Inversely, if the equation

1-0o
ro
®;(x) = 0 has no root in (1:—0", 1), then it is necessary that CD}(I—O) < 0, that is,

%’6 < 1. From these arguments, we obtain the following lemma:

from the Intermediate Value Theorem with ®j(

Lemma 7 For the native prey-predator system (4) of Model J, the coexistent equilib-
rium EEH_(H*, P)) exists zf%g) > 1. Inversely, it does not exist only zf%g) <1

Next, supposing that exists a root x = I} € (1:—0", 1) for the equation ®j(x) = 0,
we can prove the following lemma:
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Lemma 8 If there exists a root x = TI} € (1:0“, 1) for the equation ®5(x) = 0, it
holds that ®(T1}) < 0.

Proof From (B5), we can derive

1
o}(IM}) = mn P (F(HOP e + T2 (F(Hy) = 1+ o{F (H)P T
(B6)
1 Py 2, P B ) Hy
< T P He — T ) — )P () s
(B7)
__PL A 1T
- _Hj(Pi) . dP{l P } p=p} =0 (B8

where we used the relations I'IJ_I(H}*) = P}, F(H,) = lﬁ—f and F_l(lﬁf) = H,

J J
from their definitions by (B3) and (B4). The inequality (B7) to bound ®}(IT}) from
above is because of the increasing monotonicity of F'(H)H given in Section 2.3: Since
the derivative of F(H)H is positive, that is, since F'(H)H + F(H) > 01in (0, K),
we have

1 H
< J—
F'(H) F(H)

(B9)

for H € (0, K), where F’(H) is negative for H > 0 from its decreasing monotonicity
givenin Sect. 2.3. The inequality (B8) to show the negativeness is because of IT] (P} <
0 and the decreasing monotonicity of {1 — I[13(P)}/ P for P > 0 as already mentioned
in Section 2.6. As a result, Lemma 8 is proved. O

Since CDJ(]r;O") > 0, ®5(1) = 0, and ®/( 1:00 + 0) < 0 for the continuous function

®j(x) in [1:0", 1], if the equation ®j(x) = 0 would have more than one roots in

(1:—0", 1), the derivative ®} must be positive for one of them. This is contradictory to
Lemma 8. Hence, we now find the following lemma:

1—o
ro

Lemma 9 [If there exists a root x = Hj‘ e ( , 1) for the equation ®5(x) = 0, it is

unique in (1:0", D).

Further, from those arguments for Lemma 7, if the equation ®j(x) = 0 has arootin

( 1:0" , 1) for Z] < 1, then there must be more than one roots, because of the continuity

of ®y(x)in[ 1;0" , 1T with ®}(1—-0) < 0. This is contradictory to Lemma 9. As aresult,

the equation ®;(x) = 0 has no root in (1:—0", 1) if%’é < 1.

For the special case where ,%’(J) = 1, we have <I>}(1—0) = 0. Then, from the second
derivative of ®j:

n” 1—[—1 2
/J( jl (x))3 — (1 —0)—3F71(1;0)
{HJ(HJ )} .

Py (x) = —
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we find that

) = &1 —0) =2 o (1—0){K+1_0}
! ! Ty F'(K)

as x — 1 — 0, where we used H;l(l) =0, ITj(x) — IT;(4+0) = —ay € (=00, 0)
and IT (x) — T1}(+0) = by € (0, 00) as x — 40, from the features of I1, given in
Section 2.4. Now, from (B9), we can find that

(1—0){L+#}=(1—a) lim [L+;]50,
FK) T FI(K) HoR—oLF(H) T F(H)

% l—0o _

Nz
where we used F(K) = 1 — 0. Thus, we get the result that ®}(x) — ®](1—-0) >0
asx — 1—0. This result shows that, if ®}(1—0) = 0, then ®}(x) < Oforx < linthe
neighborhood of 1. That is, if ®}(1—0) = 0, then ®;(x) is monotonically decreasing
for x < 1 in the neighborhood of 1. Hence, from ®j(1) = 0, we have ®j(x) > 0 for
x < 1l in the neighborhood of 1 when ®/(1—0) = 0. Lastly, from the same arguments
to prove Lemma 9, we can find that there is no root for the equation ®;(x) = 0 in
(=2 D if Z) = 1.

-
These arguments lead to the following result:

Lemma 10 If%g) < 1, the equation ®5(x) = 0 has no root in (rio, 1).

Finally, from Lemmas 7, 9, and 10, we obtain the result of Theorem 2 with respect to
Model J.

With respect to the coexistent equilibrium E fﬁ 1 (Hy, Pf) for the native prey-
predator system (5) of Model A, we have

{ [0+ F(TIA(PM H,) [TA(PY) = 1 B10)
PP = pa{l — TIA(P2)} Hs,
and thus, correspondingly to (B4),
by
Hy = IT* F (HZ 6)’
A (B11)
M, (ITY) = L e
A(A)_pA HZ_ (H_Z_G)

with IT} := I'IA(P;A) and the inverse function H;l of TTx.
From the former equation of (B10), if EiJr(H*, Pf) exists, then F(HZH*) =
— o0 > 1—0and F(IT} Hy) > F(IT5K) because ITx (P2) < 1 for P2 > 0and

1
:
1-[A
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H, € (0, K) from Lemma 2. We can easily find it necessary holds that F (1'[;‘; K ) <
HLX — o, that is, (HZK)F(HZK) < K — o(IT{ K) for IT} € (0, 1), making use of
the assumption that F'(x)x is monotonically increasing for x € (0, K) as given in Sect.
2.3. Hence, for IT} < (0, 1), the former equation of (B10) determines H, € (0, K).

Thus, if E_A‘_+ (Hy, Pf) exists, it holds that F(0) = rg >
x > Osuchthat F(x) =

* 1
then I} el

Now let us consider the existence of a root 1'[;‘; in (r D about the latter equation
of (B11), that is, the equatlon dp (x) = 0 given by (20) for Model A. The function
® A (x) is continuous in [r el 1] and differentiable in (r el 1) from the differentia-

bility of [T and F in (m o 1), where their derivatives are negative. From the above

arguments, if the equation ®(x) = 0 has a root in (

— o, since there is no

2 (Hy, P2) exists,

1
T3

1
=T

] .
oo 1), then there exists an

equilibrium as E . for the native prey-predator system of Model J while there exists
1o +o ’ 1)

Following the same steps as for E’ % in the above, we can subsequently prove the
corresponding lemmas:

no equilibrium E 2, if the equation ® 4 (x) = 0 has no rootin (~——

Lemma 11 For the native prey-predator system (5) of Model A, the coexistent equi-
librium EJ’?JF(H*, Pf) exists if%’(’? > 1. Inversely, it does not exist only if%’(’? <1

Lemma 12 If there exists a root x =TT}, € (———
holds that

rOJm, 1) for the equation ®(x) = 0, it

(M) = — e, ] (1 —1);<0 (B12)
AN pAy T T A2 I F(ITH,)

Lemma 13 If there exists a root x = T}, € (——, 1) for the equation ®(x) =0, it

r0+0 ’

is unique in (rOJm, 1).

Lemma 14 If%A < 1, the equation ®(x) = 0 has no root in (r0+0, 1).
Finally, based on Lemmas 11, 13, and 14, we derive the result of Theorem 2 for Model
A. To establish the local stability of the coexistent equilibrium E$ ,, we will later
utilize the negativeness of (B6) and (B12), as presented in Lemmas 8 and 12.

Now, for the convenience of the later arguments regarding the stability of equilibria,
we present the following nature of function ®,, which was found in this appendix based
on those arguments:

Lemma 15 When %5 > 1, ®j(x) > 0 for x € (1_0", *) and ®p(x) > 0 for

X € (ro_lw, H/”g), while ®4(x) < 0 for x € (Hf, 1) satisfying that ®, ( ) = 0and
Do(1) = 0.
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Appendix C Proof of Theorem 3

About the Jacobi matrix J>(E?, | ) = J1 . forthe coexistent equilibrium E! | (H,, P})
with respect to the native prey-predator system (4) of Model J, we obtain
tr 7, = My(P))F'(H) Hy + 1 — pyT15(P])F (H,) H,
= T (P) f (F(H)H}Y|,,_py + 0 — piT(P)F(H) H, > 0;
det Ji, = —p (P F(H)H[F (HOH, + 1+ {1 — T(P)} F(Hy)]
—pi (P F (H) H[ S5 F () HY |y + 0] > 0, (C13)

where we used the equations of (B3) in Appendix B, the decreasing monotonicity of
F(H) and ITj(P), and the increasing monotonicity of F(H)H for H > Oand P > 0,
as given in Sect. 2.3 and 2.4.

Here we shall apply the Jury stability criterion (Jury stability test) which gives the
best possible sufficient condition such that the equation A> + ¢|A 4 ¢ = 0 with real
coefficients c; and ¢; has only roots of absolute value less than one: c% < land c% <
(1+ cz)2 (for instance, see (Allen 2007; Ledder 2013; Seno 2022; Elaydi and Cushing
2025)). Making use of this condition with ¢; = —tr 71 and ¢ = det 71, we find
that the eigenvalues for J- i 4 have the absolute value less than one if det J- _f_ L <1
and tr 71, < 1 +detJ},, since tr 71, > 0 and det 7], > O as shown above. If
det jJJrJr > lortr Ji+ > 1 + det j}r+, then the matrix Ji+ as an eigenvalue with
the absolute value greater than one.

From the above expressions of tr - _{_ I and det J- _{_ 1 the condition tr J- _,J_ RS 1+
det J. i i is equivalent to

1 F(H,)
P PP F(H,)

{l =0 — F'(H)H, — F(H,)} < 0. (C14)

The left side of (C14) can be rewritten as

1 F(H,) . FOH 1 F(H, 1
THTR) +pJHJ(Pb « + pi{F(Hy) — +U}—HJ(P£) FL)
_ 1 0] 2 0 _ 2
= me + 1—0{F(H*)} H, + 1 _U{F(H*) 1 +o}{F(H)} O
= (1))

with HJ(Pj)F(H*) =1—-o0 and CD/J(I'I}‘) defined by (B6) in Appendix B. Since
<I>3(l'[}‘) < 0 shown by Lemma 8 in Appendix B, the condition (C14) holds for the
coexistent equilibrium Ei_ - Thus, the condition tr J. _,Jr L <1+ det J. i i necessarily
holds for the coexistent equilibrium E i L

Consequently, if det J JJr 4 < 1, the coexistent equilibrium E ﬁr . islocally asymptot-
ically stable, and otherwise, if det [J- JJF 4 > 1,itis unstable. We note that det J- JJF L <1
can be expressed as (21) in terms of 1'[3" = HJ(Pj ), which can be derived with
P} =117 ' (IT%), (B3), and (B4).
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With respect to the native prey-predator system (5) of Model A, we can derive

r JA, = l'IA(Pf)diH{F(H)H}|H:HA(P$)H* + o TIA(PA) — paTT)\ (PMH, > 0;
det J2, = —pAHfA(Pf)H*[%{F(H)H}|H:HA(P$)H* +0]>0 (C15)
for the Jacobi matrix jz(E +) = JA + i concerning the coexistent equilibrium

E$+(H*, PA) Then, the condition tr J++ < 1+ det .7++ can be expressed as

1 1
(PR PMIIA(PA)ZF/(TTA(PA) )
x {1 — o — F/(IA(PMH) PAH, — F(TIA(PH,) ) <0.
(C16)

In the same way as we did for Model J, we can prove that the left side of (C16) is
equivalent to @', (TT}) defined by (B12) in Appendix B. Since @', (IT) < 0 shown
by Lemma 12 in Appendix B, the condition (C16) holds for the coex1stent equilibrium
Hence the condition tr 74 < 1+det 72 bt holds for the coexistent equilibrium

EL . Therefore with respect to the coexistent equ111br1um E® 2 if det 74 < 1,itis
locally asymptotically stable, and otherwise, if det 72 . > 1, itis unstable. Then, as
well as det J ] 14 < 1, we note that det TA 1y < lcanbe expressed as (22) in terms of

IT% := MA(P{), which can be derived with P2 =TT (H ), (B10), and (B11).

AppendixD Proof of Corollary 3

Now let [T} = 1 — ¢ with 0 < ¢ < 1. By the Taylor expansion around IT} = 1, the
left side of (21) becomes

—& +o0(¢) , F"(K)K
—T[l—a+F(K)K+{2+W}s+o(s)+o]
o(e) F'(K)K
- 1+F(K)K——{1+F(K)K} {2+TK) e40(e).

We note that 1 + F/(K)K € (0, 1) as already shown in Section 2.6. Therefore, we
now find that the left side of (21) becomes positive and less than one for I} = 1 — ¢
with 0 < ¢ < 1. In the same way, we can prove that the left side of (22) becomes
positive and less than one for [T = 1 — e with0 < ¢ K 1.

The value IT} is continuous in terms of p, and embedded parameters in functions
F and I1,. Thus, we can regard IT} as a function continuously depending on the value
of % . Hence, from the arguments in Appendix B for the proof of Theorem 2, we note
that IT} — 1as Z; — 1, which implies that [T} = 1 — € + o(¢) for Z; = 1 + € with
0 < € < 1. Consequently, from the arguments in this appendix, we conclude that the
condition (21) holds for Z! = 1 + € with 0 < € < 1, and so does the condition (22)
for 75 =1+ ewith0 <e < 1.
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AppendixE Proof of Corollary 4

From (20) of Theorem 2, the value IT} about the equilibrium E J+ 4 for the native prey-
predator system (4) of Model J satisfies the equation @J(H}k) = 0. It can be rewritten
as

By = gi(1T}) (E17)

F~('q¢)

with gy(x) := aJl'lj_l(x)/(l/x — 1) that is continuous and positive for x € (0, 1).
Then, we can rewrite the condition (23) as

2
gi(My)

Ry < (E18)

When gJ(H}‘) < 1, the condition (E18) is satisfied if %6“ < %’é, because the
right side of (E18) is then equal to or greater than %(J) When gj (1'[}‘) < 1, the inverse
inequality of (E18) is not necessarily satisfied even if %’(’? > %’8. The invasion success
of alien predator PA requires its basic replacement number 95’6* sufficiently larger
than %(J). In contrast, when gJ(H}‘) > 1, the right side of (E18) is smaller than ,%’(J).
Therefore, the alien predator P” invasion is successful if %6* > %(J), while it fails only
if 7y < %),

Now, from (E17), the condition gJ(H}‘) < 1is equivalent to %’(J) < K/F~! ( lﬁf )
J

which leads to

l1—0o

F(gn)

7
@

I < (E19)

We have %(J) > 1 from Theorem 2, provided that the equilibrium E i_ . for the native
prey-predator system (4) of Model J is asymptotically stable. Then, % < K, which
e ;
Ay
Therefore, since the right side of (E19) is less than 1 — o, we find from Lemma 15 in
Appendix B that the condition (E19) is equivalent to & J(F(l;/‘fjj)) < 0, which leads
to the condition (24) in Corollary 4. Following the same argume(:)nts, we can find that
the inverse inequality of (24) is equivalent to gJ(Hj‘) > 1. These arguments complete
the proof of Corollary 4.

implies that F ( ) > F(K) = 1, because of the decreasing monotonicity of F.

AppendixF Proof of Corollary 5

From (20) of Theorem 2, the value IT} about the equilibrium Eﬁ? . for the native
prey-predator system (5) of Model A satisfies the equation ® A(Hj’;) = 0, which can
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be rewritten as

(1—-0)K

(1 —o)F (g — )

B = ga(IT}) -

with

aally'(x) 1—ox

ga(x) = - o —=

for x € (0, 1). Then, we can rewrite the inverse inequality of (25) as follows:
ga(ITNZY > %8, (F20)

From Theorem 5, if the condition (F20) is satisfied, the equilibrium E_Tr0 " for the
system (13) is unstable, so that the alien predator P’ invasion of the native prey-
predator system (5) in Model A is successful, provided that the equilibrium E JAF L s
asymptotically stable

From the features of [T givenin Section 2.4, g (x) is continuous and differentiable
forx € (0, 1). Furthermore, also making use of the convexity of l'[;l (x) forx € (0, 1],
we can easily prove that ga (x) is monotonically decreasing in terms of x € (0, 1),

and lirln o ga(x) = 1. Consequently, the monotonically decreasing function ga (x)
x—>1—
satisfies that g4 (x) > 1 for x € (0, 1).

This result demonstrates that the left side of (F20) is necessarily greater than %’8
for IT} € (0, 1) about the equilibrium Eﬂ? . for the native prey-predator system (5)
of Model A. Therefore, if 92’(]) > %’6*, the condition (F20) is satisfied. Further, even if
%(J) < %@, the condition (F20) may be satisfied. These arguments complete the proof
of Corollary 5.

Appendix G Proof of Corollary 7

First, we present the following corollary derived from Theorem 3 according to the
native prey-predator systems (28) and (29), which is useful in the subsequent argu-
ments:

Corollary 11 When the coexistent equilibrium EY | exists for the native prey-predator

system defined by (28) and (29), it is locally asymptotically stable if

Y(xg) = ()c;)2 — UeXxy + ar_(.) >0 (G21)

with x; = T} = (p)) = e~ "% as defined in Corollary 6. If y(x3) <O, itis
unstable.

The function v (x) is quadratic, and its discriminant is negative if and only if
e < 4, thatis, 3 < 4(1 — ). Thus, if 2§ < 4(1 — ), the inequality ¥ (x$) > 0
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3
when Ef , exists, taking account of the existence condition of ES , in Corollary 6,

2§ > 1. Then we can now get the following sufficient condition according to the local
stability of EY . :

is always satisfied. The condition Z; < 4(1 — rio) can be satisfied only if ry > 4

Lemma 16 For the native prey-predator systems (28) and (29) of Models J and A,
respectively, if ro > % and % € (1, 41— rLO)), then the coexistent equilibrium ES |
exists, and it is locally asymptotically stable.

The discriminant of v (x) is non-negative if and only if %6 >4(1— ri). Hence, let
us consider now the case where the equilibrium EY |, exists and the following condition
is satisfied: Z; > 4(1 — rio) and %3 > 1, which can be equivalently expressed as

xHy > 1 for roe(l,%];
| (G22)
Ry > 4(1 - —) for ro> 4.
0
When the condition (G22) is satisfied, the inequality ¥ (x) > 01is satisfied if and only
if x; < x® orxg > x3, where x} are the zeros for v/ (x), that is, the roots of equation
¥ (x) = 0, satisfying that x§ > x°® > 0 as given by (32).

Now, from Lemma 15 in Appendix B, we have ®.(x) > 0 for x € (0, x3);
De(xg) = 0; Po(x) < Oforx € (x5, 1); Po(1) = 0 and Po(x) > 0 for x € (1, 00)
when the equilibrium E; i exists with x? € (rLO, 1). Thus, firstly, the condition
xy < x* is satisfied if and only if ®4(x*) < 0 or x* > 1. The condition x* > 1
holds if and only if (1) = 1 — & > 0 and /(1) = 2 — 28 < 0. Then, taking
account of the condition (G22), we find the following result:

Lemma 17 For the native prey-predator systems (28) and (29) of Models J and A,
respectively, if ro € (1, 31 and % € (1,rol, or ifro € (3,21 and g € [4(1 —
rLO), ro 1, then the coexistent equilibrium EY | exists and it is locally asymptotically
stable.

In the same way taking account of the condition (G22), we find that x®* < 1if %’5 > ro,
orif ro > 2 and %5 € [4(1 — rio), ro). Therefore, we get the following result:

Lemma 18 For the native prey-predator systems (28) and (29) of Models J and A,
respectively, if ®4(x*) < 0 with %3 > ro, or withrg > 2 and % € [4(1 - rlo), r()),
then the coexistent equilibrium EY | exists and it is locally asymptotically stable.

Next, the condition x? > x$ is satisfied if and only if ®y(xy) > 0and x§ < 1.
The condition x$ < 1 holds if and only if ¥ (1) > 0 and ¥'(1) > 0. Then, we
can find that the condition x{ < 1 with (G22) is satisfied if and only if ro > 2 and

.%’5 € [4( 1-— rlo), ro). Therefore, we get the following result:

Lemma 19 For the native prey-predator systems (28) and (29) of Models J and A,
respectively, if ®4(x$) > Owithrg > 2 and %6 € [4(1 — rLO), ro), then the coexistent
equilibrium EY | exists and it is locally asymptotically stable.

Finally, Lemmas 1619 leads to Corollary 7.
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AppendixH Proof of Corollaries 8 and 9

Provided that the equilibrium E fr .. for the native prey-predator system (28) of Model
J is asymptotically stable, Theorem 4 in Sect. 5.1 gives the condition (23) about the

local stability of £ for the system (27), which now becomes

J 1(1+1) (1 1)1 +1 (H23)

X, < — — - )=+ —
Yo aa ro/ i

Since xi € (rLO, 1) as shown in Corollary 6, the condition (H23) holds if the right

side of (H23) is greater than or equal to one, that is, if %’6* < 1. Thus, we find the
following result on the local stability of E7

Lemma 20 Provided that the equilibrium Ei_ . is asymptotically stable, the equilib-
rium E7_ is locally asymptotically stable if 9?3 <1

This result matches Theorem 1 and Corollary 1. Since the existence of E’ 4 requires
3?(1) > 1 from Theorem 2, the condition in Lemma 20 is satisfied only if %’A < %’g,
that is, xa < .

For %(‘)“ > 1, the right side of (H23) is greater than rio and less than one. Now,
from Lemma 15 in Appendix B, the condition (H23) is equivalent to

1 1y ! %(J) : :
O B B

(H24)

with @y defined by (31). When %’(’? > 1, the condition (H23) holds if and only if
the condition (H24) is satisfied. It can be easily found that the function ¢j(x) :=
a(l — x) + logx with @ > 1 is negative for any x > 1. Hence, the condition (H24)

J
holds lfJT(i > 1 when —(1+—) < 1, thatis, 1f<%’J > %A when %A > 1. Therefore,

we have the following result:

Lemma 21 Provided that the equilibrium Ei_ o is asymptotically stable, the equilib-
rium E7 o is locally asymptotically stable if %’é > %g > 1.

In contrast, ¢1(x) with @ < 1 is positive in (1, x;) and negative in (x,, co) with a
certainx; > 1suchthat¢;(xg) = 0. Thus,if ¢ (rg) > Owitha < landrg > 1,thenwe
have {1(x) > Oforany x € (1, ro). Therefore, if j(; < land ]A(l ro)+logrg > 0,

that is, iA < lrog 0
1 1
(H23) is equivalent to the inverse inequality of (H24) with r—o(l a—A) < 1, that is,

with %’6“ > 1. As a result, we have the following result:

, the inverse inequality of (H24) holds. The inverse inequality of

Lemma 22 Provided that the equilibrium EL . is asymptotically stable, the equilib-

* A - ro—l o]
rium E7 o is unstable if 5 > logm%
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Note that {gg;:) > 1 for ro > 1, and we have %(J) > 1 from Theorem 2 as long as the

equilibrium E ﬂr . exists. At the end, we have the following result too:

Lemma 23 Provided that the equilibrium Eﬂr . is asymptotically stable, when %’6* €

(%(J), i Sgré ,%’(J)), the equilibrium EY | is locally asymptotically stable if the condition

(H24) holds, while it is unstable if the inverse inequality of (H24) holds.

Finally, from Corollary 6 and Lemmas 20-23, we can obtain the result of Corollary 8
about Model J.

To prove Corollary 9 about Model A, we can apply some arguments modifying
those above for Corollary 8. Provided that the equilibrium E ﬁ . for the native prey-
predator system (29) of Model A is asymptotically stable, Theorem 5 in Sect. 5.2 gives
the following condition (25) for the local stability of Ei 10 about the system (27):

1 1 1 1
— >rg— — =" 1——)+—- H25
X 0 ay O< %’é %(J) (H22)

Since xf € (rlo, 1) for the existence of E _ﬁ . from Corollary 6, the condition (H25) is

satisfied if the right side of (H25) is less than or equal to one, that is, if 3?(]) < 1. Thus
we have found a sufficient condition for the local stability of E7, :

Lemma 24 Provided that the equilibrium Ef_‘ . is asymptotically stable, the equilib-
rium E7 is locally asymptotically stable if %’(J) <1

This result matches Theorem 1 and Corollary 1. Since the existence of E ft L requires
to have %’6* > 1 from Theorem 2, the condition in Lemma 24 is satisfied only if
.@é < %{)\ that is, oy < aa.

When %’é > 1, the right side of (H25) is in (1, rp), and the condition (H25) can be
rewritten as

—1
e ey
* ro — 1/ay %(J) %% 10

Then, from Lemma 15 in Appendix B, the condition (H25) is satisfied if and only if

A
Op(—L—) = (1 _i) Ao (L —log; <0 (H26)
ro—1/ay 70 %(J) ro — 1/ag ro— 1/a3

with ®4 defined by (31).
It can be easily found that the function ¢ (x) := —¢1(x) = a(x — 1) — logx with
a < lispositive forany x € (0, 1). Hence, the inverse inequality of (H26) necessarily

A
holds if Ay 1 when € (rlo, 1), that s, if%(‘)A < %’é when%g) > 1. Note that

1
& = ro—1/ay
we have %’6* > | from Theorem 2 as long as the equilibrium E f’p . exists. Therefore,
we have the following result:

@ Springer



Discrete-time exploitative competition model... Page 47 of 53 1

Lemma 25 Provided that the equilibrium Ef_‘ . is asymptotically stable, the equilib-

rium E* | is unstable lf%g) > %6* > 1.

+0+

In contrast, & (x) with a > 1 is positive in (0, x5) C (O, %) and negative in (x;, 1)

with a certain x; € (0, 1) such that £,(x;) = 0. Thus, if gz(i) < Owitha > 1
A

and ro > 1, then we have ¢>(x) < O forany x € (-~ 1 , 1). Therefore, if OJ > 1 and
0
A
%(70 -1)- log L <0, thatis, ;; > ror(l)oglro , the condition (H26) holds. Now we

ﬁnd the following result

Lemma 26 Provided that the equilibrium Eﬁ L is asymptotically stable, the equilib-

rium E* . is locally asymptotically stable if 7 € (1, ror(l’oglro R | with ror‘l’og m Ry >

Note that ror‘f(:glr < 1 forry > 1. Further remark that when %A < 1, the above

arguments necessarily lead to the condition that %’(J) < 1, and it is the case of Lemma
24. Lastly we find the following results when %({ > 1, taking account of the above
arguments for Lemma 26:

0 logr

Lemma 27 Provided that the equilibrium Eft . is asymptotically stable, when %6 €
(max{ror(l’(;;ro %’é, 1}, %’A) the equilibrium E7, is locally asymptotically stable if

the condition (H26) holds, while it is unstable if the inverse inequality of (H26) holds.

In conclusion, from Corollary 6 and Lemmas 24-27, we can obtain Corollary 9.

Appendix| Proof of Lemma 6

If exists a coexistent equilibrium E* | (h**, p1,, pi) with pl, > 0and p2, > 0 for
the system (27), we have the following parallel equations to determine E7 , | :

1 1 1
W =roxl, — — B = — W) B = — W(p), (127)
Xiy o oA Kk
J A . . .
where xi* = e Pux, xf; = e Pw,and W(x) = —Xllojcx, which is continuous,

monotonically increasing, and concave for x > 0 with ¥(x) — 0 as x — 40,
Ux) > lasx - l,and ¥(x) - coasx — o0.

From Theorem 1 and Corollary 1, it is necessary for the existence of E% , | that
%g > 1 and %’A > 1 The second and third equations of (I27) lead to the equality
aij‘lf(xi*) \IJ( ) which must be satisfied for the existence of E¥ , . Since

J
Hok

x,, < 1 and A >1f0rE+++,wehave\If(x

L

- 1) from the above-

mentioned features of function W. Therefore, there exists a pair (x X e (0,1) x
(0, 1) to satisfy the equation —\IJ(xJ) = 1 ‘-IJ( =) only if L ks a—, that is, only if
%’A > %’J . These arguments prove Lemma 6.
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